On the F-limit of singular perturbation problems with optimal 
profiles which are not one-dimensional. Part I: The upper bound 



November 27, 2012 



Arkady Poliakovsky 







Univcrsita di Roma 'Tor Vergata', Dipartimento di Matematica, 
Via della Ricerca Scientifica, 1, 00133 Rome, Italy 

Abstract 

In Part I we construct an upper bound, in the spirit of F- limsup, achieved by multidimensional pro- 
files, for some general classes of singular perturbation problems, with or without the prescribed differential 
constraint, taking the form 
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E^{v) := J -F{^e"V"v,...,eVv,v'jdx fort; : C -H^ such that yl ■ Vi; = 0, 

where the function > and A : R*^^^ K™ is a prescribed linear operator (for example, A := 0, 
A ■ S7v := curl V and A ■ Vt; = div«) which includes, in particular, the problems considered in [27j . This 
bound is in general sharper then one obtained in [27) . 

1 Introduction 

Definition 1.1. Consider a family {Ie}e>o of functionals : U [0, +oo], where [/ is a given metric space. 

The T-limits of are defined by: 

(r - liminf Ie)((f)) ■— inf < liminf /^(^e) : {0e}e>o C L/, 0^ ^ in C/ as e ^ 0+ 

e^0+ e->0+ 

(r — lim sup /e )((/>) := inf I limsup /^(^e) : {(j)e}e>o C t/, ^ in J7 as e ^ 0+ 
(r — lim Ie){4>) '■= (r — liminf /e) (0) = (T — limsup in the case they are equal. 

e^0+ e->0+ £_^0+ 

It is useful to know the T- limit of , because it describes the asymptotic behavior as e J, of minimizers of 
/g, as it is clear from the following simple statement: 

Proposition 1.1 (De-Giorgi). Assume that (p^ is a minimizer of for every e > 0. Then: 

• If = (r — liminf£_j.Q+ Ie){(f) and (j)^ ^ (j)o as e 0+ then (j)Q is a minimizer of Iq. 

• If Ia{4>) = (r — limj_>o+ Ie){<t>) (i-e. it is a full T-limit of Ie{<fi)) and for some subsequence £„ — >■ 0"*" as 
n — J> oo, we have (p^^ ^ (pa, then (po is a minimizer of Iq. 

Usually, for finding the T-limit of le{<ti), we need to find two bounds. 

(*) Firstly, we find a lower bound, i.e. a functional such that for every family {0e}e>o, satisfying — > 
as e — s> 0+, we have liminfg_^Q+ Idi'e) ^ L{4>)- 
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(**) Secondly, we find an upper bound, i.e. a functional such that for every (p ^ U there exists a family 

{4>e}e>a^ satisfying ■(/;£—)■ as e ^> 0+ and limsupj^Q+ Ie{ipe) < ^(0)- 

(***) If we find that = := /(<?!)), then /(</)) is the T-limit of 4 (</>). 

In various applications we deal with the asymptotic behavior as e — > 0+ of a family of functionals {I^}g^Q 
of the following forms. 

• In the case of the first order problem the functional I^, which acts on functions -0 : f2 — >■ M™, has the form 

leW^ I e\Vi:{x)\^ + ^w(ij{x),x^dx, (1.1) 



n 

or more generally 

IeW = [ -G'(e"V"V,---,eVV',V',a;)rfa;+ / -W{i:,x)dx, (1.2) 

where 0(0, . . . , 0, tA, a;) ee 0. 

• In the case of the second order problem the functional 7^, which acts on functions w : J7 — > K*^, has the 
form 

/e(v) = J e\\7^v{x)\^ + ^w(yv{x),v{x),x^dx , (1.3) 

or more generally 

= / -G(e"V"+^u, ...,eV^u,VD,w,x)da;+ [ -W{Vv,v,x)dx , (1.4) 
Jn ^ ^ ^ Jn ^ 

where G{0, . . . , 0, Vu, v, x) = 0. 

In this paper we deal with the asymptotic behavior as e — > 0+ of a family of functionals of the following 
general form: Let ft C be an open set. For every e > consider the general functional 

I^{v) = {I,{n)}{v) := J iG(e"V"w,...,eVw,w,x) + ^W{v,x)dx with v (Vu,/i,V'), 

where u e M'=), h e VK;";^(1), R''^^) s.t. divh = 0, V e I¥;";^(f), R"). (1.5) 

Here 

Q . jj({fexW} + {dxAf}+m) xAf" ^ ^ jjj({fexAf} + {dxAr}+m) xW ^ j|j{fexAf} + {dxAf}+m ^ j^W ^ 

and W : R{k^N}+{dxN}+ni x R^ ^ R are nonnegative continuous functions and G satisfies G{0, . . . ,0,v, x) = 0. 
The functionals in (|l.ip . (ll.2p and (ll.3p . (|1.4p are important particular cases of the general energy in (II. 5p . In 
the general form (jl.Sp we also include the dependence on div-free function h, which can be useful in the study 
of problems with non-local terms as the Riviere-Serfaty functional and other functionals in Micromagnetics. 

The functionals of the form (|l.ip arise in the theories of phase transitions and minimal surfaces. They were 
first studied by Modica and Mortola 25 , Modica [24], Sternberg [38] and others. The F-limit of the functional 
in (|l.ip , where W does not depend on x explicitly, was obtained in the general vectorial case by Ambrosio in [2] . 
The F-limit of the functional of the form (|1.2p . where n = 1 and there exist a, /3 G R™ such that W{h, x) = 
if and only if /i e {a, /3}, under some restriction on the explicit dependence on a; of G and VF, was obtained by 
Fonseca and Popovici in [TB]. The F-limit of the functional of the form (|1.2[) . with n = 2, G(-)/e = e'^jV^V'l^ 
and W which doesn't depend on x explicitly, was found by I. Fonseca and C. Mantegazza in [15] . 

The functionals of second order of the form (|1.3p arise, for example, in the gradient theory of solid-solid 
phase transitions, where one considers energies of the form 

Ie{v)^ I e\V'^v{x)\^ + ^w{Vv{x)^dx, (1.6) 
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where v : ft C — )■ stands for the deformation, and the free energy density W{F) is nonnegative and 
satisfies 

W{F) =0 if and only if F eK := SO{N)A U SO{N)B . 

Here A and B are two fixed, invertible matrices, such that rank{A — B) = 1 and SO{N) is the set of rotations 
in ]S.^ . The simpler case where W{F) = if and only if F e {A, B} was studied by Conti, Fonseca and Leoni 
in [TU]. The case of problem (HH]), where TV = 2 and W{QF) = W{F) for all Q e SO{2) was investigated by 
Conti and Schweizer in [9] (see also [8] for a related problem). Another important example of the second order 
energy is the so called Aviles-Giga functional, defined on scalar valued functions v by 

e\V'v\' + ^{l^\S7v\'f {seeMMM)- (1-7) 



The main contribution of this work is to improve our method (see |31 ) .|27 ) ) for finding upper bounds in the 
sense of (**) for the general functional (|1.5I) in the case where the limiting function belongs to BV-space. In 
order to formulate the main results of this paper we present the following definitions. 

First of all, in order to simplify the notations in (|1.5p , for every open U C consider 

B{U) := |w e Ll^{U,R''''^ X E^><^ x R") : v = {Vu, h,^j), u e Wl^l{U,M.^), 

h e L]^^{U,M.'^'^^) s.t. div = in the sense of distributions, G L]^^{U,W^)^, (1.8) 

and 

f(v"w, . . . , Vw, w, x) := g(v"w, . . . , Vw, w, + W(w, x) (1.9) 



Then 



Ie{v)^ [ -F(e''V''v,...,eVv,v,x)dx with v e B{n) nW^J x R'^''^ x R"') . (1.10) 

What can we expect as the F-limit or at least as an upper bound of these general energies in the L^-topology. 
It is clear that if G and W are nonnegative and is a continuous on the argument v function, then the upper 
bound for l^iS) will be finite only if 

W{v{x),x)=^ for a.e. a; G , (1.11) 

i.e. if we define 

A := |i> e LP(r2,R'^^^ X R'^^^ X R™) nS(f7) : T4^(w(a;), x) = for a.e. a; G f^j (1.12) 

and 

^ := (t; e LP(f7,R'=^^ X R''^^ X R™) : (F - lim sup /,)(«)< +ooj, (1.13) 



e^0+ 

then clearly ^ C y^o- In niost interesting applications the set consists of discontinuous functions. The 
natural space of discontinuous functions is BV space. It turns out that in the general case if G and W are 
C^-functions and if we consider 

y^sy := A ns(R^) nsy nL°°, (i.i4) 

then 

Abv^A(ZAq. (1.15) 

In many cases we have Abv = For example this is indeed the case if the energy /^(f) has the simplest 
form Is{v) = J^£\Vv\'^ + ^W{v)dx, and the set of zeros of W: {h : W{h) = 0} is finite. However, this is in 
general not the case. For example, as was shown by Ambrosio, De Lellis and Mantegazza in 0, Abv ^ -A in 
the particular case of the energy defined by (II. 7p with N — 2. On the other hand, there are many applications 
where the set A still inherits some good properties of BV space. For example, it is indeed the case for the 
energy (|1.7p with N = 2, as was shown by Camillo de Lellis and Felix Otto in [23] . 



3 



Definition 1.2. For every v £ S'^'^ define {y g : -1/2 <y-Uj < 1/2 Vj}, where {i^i,. . • ,«^jv} 

is an orthonormal base in such that i^i = i'. Then set 

Vi{v+,v-,u) := ji; e C"(M^,M'=^^ x M'*^^ x M™) n S(R^) : 

v{y) = 6'(i/ • y) and t;(?/) = if y ■ v < —1/2, t;(?/) = z;+ if y • > 1/2 
where B{ ) is defined in (|1.8I) . and 

I'per(w+,w",i^) := |w e C"(M^,R'^''^ X W^^'^ X M") nS(M^) : 

i;(y)=i;- if y • < -1/2, v{y) = v+ if y • i/ > 1/2, v{y + u,)^v{y) Vj = 2,...,iV 
Next define 

:=inf I j jPi^L'^V^C, . . . ,LVCX,x)dy : L > 0, e z;", «^)| , (1.16) 

Eper{v+,v-,u,x):=Ml^ J -^F(L"V"C,---,iVC,C,a;)rf2/: L > 0, C(y) £ ^?per(«+, v", i^)| 



(1.17) 



£;ab.t(^'+,«-,«^,a;) := (r-Hminf7,(Q(i/)))(?7(i;+, «-,!/)), (1.18) 



e->-0+ 

where 

\ if u ■ y < 0, 

V{v+,v-,,.){y):^{ (1.19) 
I w+ if • y > 0, 

and we mean the T — hminf in topology for some p > 1. 
It is not difficult to deduce that 

Eabstiv^,V^,l^,x) < Eper{v+,V^,V',X) < Ei{v+ , , U , x) . (1.20) 

Next define the functionals Ki{-), Kper{-), K* {■) : B{n) n n L°° ^ R by 

jj,,^jEJv+{x),v-{x),u,ix),x)dn^-^ix) ifveAo, 
Ki(v) := < ^ , ^ (1-21) 

I +00 otherwise, 

\J^^j Eper(v+{x),V~{x),Vy{x),x)dn^-^x) ifv^Ao, 

Kper{v) ■^ (1-22) 
I +CX3 otherwise, 

J 7;abst(w+(x),w-(x),z^^(x),x) d7^^-i(x) ifueA, 

A (w) := < ^ ^ (l-2o) 
I +00 otherwise, 

where J„ is the jump set of u, Vy is the jump vector and w^, are jumps of v. Then, by (jl.20p trivially follows 

K*{v) <Kper{v) <Ki{v) . (1.24) 

We call Ki{-), Kp^^ri') and K*(-) by the bound, achieved by one dimensional profiles, multidimensional periodic 
profiles and abstract profiles respectively. 

Our general conjecture is that K*{-) coincides with the F-limit for the functionals in (jl.lOp . under 
LP convergence, in the case where the limiting functions v G BV f) L°° . It is known that in the case of the 
problem (jl.ip . where W G don't depend on x explicitly, this is indeed the case and moreover, in this case 
we have equalities in (|1.24p (see [2]). The equalities in (|1.24p also hold for the functional of the form (|1.2p . with 
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n = 2, G(-)/e = e'^jV'^V'l'^ and W which doesn't depend on x exphcitly. Moreover, as before, in this case the 
functional in (|1.24p is the F-hmit (see [15]). The same resuh is also known for problem (I1.7P when N — 2 (see 
[3] and [7],[2I])- It is also the case for problem (|1.6I) where W{F) = if and only if F G {A,B}, studied by 
Conti, Fonseca and Leoni, if W satisfies the additional hypothesis {H3) in [10]. However, as was shown there by 
an example, if we don't assume (7J3)-hypothesis, then it is possible that Eper{Vv~^ ,'Vv~ ,1^) is strictly smaller 
than Ei{yv~^ ,\/v~ ,v>) and thus, in general, Ki{-) can differ from the F-limit. In the same work it was shown 
that if, instead of {H3) we assume hypothesis {H5), then Kper{-) turns to be equal to K*{-) and the F-limit of 
(II. 6|) equals to Kper{-) = K*{-). The similar result known also for problem (|1.2p . where n — 1 and there exist 
a, /3 e R™ such that W{h, x) = if and only if /i 6 {a, /?}, under some restriction on the explicit dependence on 
cc of G and W. As was obtained by Fonseca and Popovici in IJBl in this case we also obtain that ifper(') = 
is the F-limit of (dHJ). In the case of problem ([TU), where = 2 and W{QF) = W{F) for ah Q G 50(2), 
Conti and Schweizer in 9 found that the F-limit equals to K*{-) (see also [S] for a related problem). However, 
by our knowledge, it is not known, whether in general K*{-) = Kper{-)- 

On [27] we showed that for the general problems (|1.2[) and ()1.4|) . Ki{-) is the upper bound in the sense of 
(**), if the limiting function belongs to BV -class. However, as we saw, this bound is not sharp in general. The 
main result of this paper is that for the general problem (|1.10p . Kp^ri ) is always an upper bound in the sense 
of (**) in the case where the limiting functions v belong to i3V^-space and G, G G^. More precisely, we have 
the following Theorem: 

Theorem 1.1. LetVLdM.^ he an open set and 

p . j|j({fcxAf} + {dxAf}+m) xAf" ^ ^ j]j({fcxJV} + {dxAr}+m) XJV ^ ju{fcxAf} + {dxAr}+m ^ t^N ^ 

he a nonnegative Junction. Furthermore assume that v := (Vm, h,^) G B(M^) n BV^(R^,R''^^ x R''^^ x 
R") nL°°(R^,R'^^^ X R''^^ X R") satisfies divh = 0, \Dv\{dn) = and 

f(o, . . . ,0,v{x),x^ = for a.e. x e ^l. 

Then there exists a sequence v, = {\7u^, h^,ilj,) G B(R^) n G°° (R^, R'^^^ x R''^^ x R™) such that div h^ = 0, 
for every p > 1 we have Vg, ^ v in U' and 

lim / iF(£"V"ue(x), . . . ,£Vwe(x) , v{x) , x]dx^ Kper{v). 
Jn £ ^ ' 

Here B{WJ^) was defined hy (|1.8p and Kp^r{ ) was defined by (ll.22p . 

For the equivalent formulation and additional details see Theorem l4.2l See also Theorem l3.3l as the analogous 
result for more general functionals than that defined by (|1.5p . 

Next, as we showed in [31], for the general problem (|1.5p . when G, W don't depend on x exphcitly, K*{-) is 
a lower bound in the sense of (*). More precisely, we have the following Theorem: 

Theorem 1.2. Let QcM.^ he an open set and 

p , ^(^{kxN} + {dxN}+m)xN" ^ ^ ^l^{kxN} + {dxN}+m) xN ^ j]j{fexAr} + {dxAf}+m _^ ^ 

he a nonnegative continuous function. Furthermore assume that v := (Vu, h, ip) G B{fl)nBV(Jl, SJ^^^ xR''^"'^ x 
R") nL°°(17,R'=^^ X R'^^^^ X R™) satisfies 

F(o,...,0,v{x)j =0 fora.e.xen. 

Then for every {ue}e>o C B{n) D VF;";^ (17, R'=^^ x R'^^^^ x R™), such that v in LP as e ^ 0+ , we have 

liminf / -F(e''\/"vJx), . . . ,e\/vJx) , v(x)]dx > K*(v). 

Here K*(-) is defined hy (jl.23p with respect to L^ topology. 
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As we saw there is a natural question: whether in general K*{-) = Kp^ri') ? The answer yes will mean that, 
in the case when G, W are functions which don't depend on x explicitly, the upper bound in Theorem 11.11 
will coincide with the lower bound of Theorem II .21 and therefore we will find the full F-limit in the case of BV 
limiting functions. The equivalent question is whether 

where Eper{-) is defined in (|1.17p and Eabst{-) is defined by (jl.lSp . In [34] we formulate and prove some partial 
results that refer to this important question. In particular we prove that this is indeed the case for the general 
problem (jl.2p i.e. when we have no prescribed differential constraint. More precisely, we have the following 
Theorem: 

Theorem 1.3. Let G £ C1(R™^^" x M™x^<""" x . . . x M™x^ x M",]R) and W e C\M:"',R) be nonnegative 
functions such that G(0, 0, . . . , 0, fe) = for every b e M™ and there exist C > and p > 1 satisfying 

^l^r <F(A,ai,...,a„_i,6) <CMA|P + ^Ia,|P + |&|P + lj for every (A, ai, as, . . . , a„-i, &) , (1.25) 



n-l 

i4|P < Ff A «, n„ n h) < r( \A\P + 
where we denote 



f(^A, ai, . . . , a„_i, fe) := g(^A, ai, . . . , a„„i, + W{b) 

Next let ^ e BV{M.^,W") D L°° be such that \\D'4}\\{dVL) = and W{^{x)) = for a.e. x e Q. Then 
K*{%P) = Kperitp) and for every {ipe}e>o C (r2,R") such that Lp^ ^ in Lf„^(r2,R") as e -> 0+, we have 

liminf/,((^e) hminf i / £"V'Ve(^), e""^ V"" Ve(2:), . . . , e\/ipe{x), ^e{x)]dx 

. (^P+ix), (x), u{x)) dH^^-^x) , (1.26) 



^ / Ep^j- y 



where 

Eper(jj'^,Tl'~,v'^ 



infj^ i^^(^L"V"C, i"''V"-iC, ■•■,iVC,c)t^a;: L e (0, +^) , C e Pper(V'+>" , i^) | , (1-27) 

with 

:Pper(^+>-,i^):=|ceC"(K'^,K'"): ((?/)= if y ly < -1/2, 

C{y)^i^^ ifyv{x)>l/2 anrf C(2/ + fcj) =C(y) Vj = 2,3,..., ivl. (1.28) 



Here := {y £ : |?/ • i/j | < 1/2 Vj = l,2...iV} where {i/i, 1/2, ■ • • , i^at} C R^ is an orthonormal base 
in R^ swc/i t/iat Vi := i^*. Moreover, there exists e sequence {'4>e]e>o C C°°(R^,R'") such that J^^tlj^{x)dx = 
ip{x)dx, for every q > 1 we have ipe ^ ip in L'^(ri,R™) as e ^ O"*", and we have 

lim /e(Ve):= lim - [ £"V'Ve(x), e"" V"-Vs(x), . . . , £V^,(x), ^,(x)Va; 



^per 



{x),i:- {x),u{x)yn^-\x) . (1.29) 



Remark 1.1. In what follows we use some special notations and apply some basic theorems about BV functions. 
For the convenience of the reader we put these notations and theorems in Appendix. 
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2 Preliminary results 

Definition 2.1. Let T e /:(R'*''^; M™). For any Ai,A2 e {A e M™ : 3Af G R''^^, A = T • A/}, for every 
u £ satisfying = 1 and for every system of — 1 linearly independent vectors {oi, 02, ... , a^v-i} in 
satisfying aj ■ u — Q for all j = 1, 2, . . . , (A^ — 1) set 

V{T,A2,Ai,u,a^,a2,...,aN-i) := |u £ C°°(R^,R'') : T • Vu(2/) = Ai if y • < -1/2, 

T-Vu{y) = A2 li y-v>\/2 and T- VM(j/ + aj) ^T-Vu{y) Vj = 1, 2, . . . , (TV - 1)| , (2.1) 

and 

:D(T,A2,Ai,i/,ai,a2,...,a^_i) := |u e 2?'(R^, R'') : 

T-VueCi(R",R"), T-Vu{y)^Ai if y -u < -1/2, 
T -Vuiy) = A2 \i yv>l/2 and T-Vu{y + aj) ^T-Vu{y) \/j = 1, 2, . . . , (iV - 1)| . (2.2) 

Set also 

I?o(i^,ai,a2,...,aw-i) {u G C°°(R^,R'^) : u(y) = if \yu\>l/2 

and u{y + aj)^u{y) Vj = 1, 2, . . . , (A^ - 1)} . (2.3) 

and 

Vi{T,v,ai,a2, . . • ,0^-1) := 

uG C°°(R^,R'^)nL°°(R^,R'*)nLip(R^,R'') : T • Vu(y) = if |?;-iv|>l/2 

and ^/(2/ + a,)=u(2/) Vj = 1, 2, . . . , (iV - 1)1 . (2.4) 



Proposition 2.1. Lei T G /:(R''^^; R"*) anrf G G CHK"''^ x R"* x R), satisfying G > 0, and let Ax,A2 G 
{A G R" : 3M G R''^^, A^T ■ M) satisfy G{0,Ai, -1) = and G(0,^2, 1) = 0. Furthermore, let v e 
satisfies \v>\ = 1. Given a system {Pi,P2, ■ ■ ■ ,Pn-i} ~ 1) linearly independent vectors in R^, satisfying 

p.-u^O for all j = 1, 2, . . . , (iV - 1), set 

0(Pi,---,Pn-i) := 

inf J i y" g(^L V{T • Vu}(si/y + Ef^V^*j+iPj) , ' Vu(siz^ + Sf^l^Sj+iPj) , ds : 

^ In 

L > 0, M G I'(T, A2, Ai,i',Pi, . . . ,Pff_i) I ("see Definition \2.1\) . 

where 

:= |s GR^ : -1/2 < Sj- < 1/2 Vj = 1, 2, . . . , | . (2.5) 

Then for every two systems {ai, 02, . . . , Qat-i} arjc? {61, 62, ■ • • , bTV-i} 0/ (A^ — 1) linearly independent vectors 
in R^, satisfying aj ■ v — and bj ■ 1/ = for all j = 1,2, . . . , {N — 1), we have 

e(ai, . . . , aN-i) = e(5i, . . . , bN-i) . (2.6) 
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Proof. First of all we observe that if {ai, 02, . . . , a^r-i} and {bi, 62, • ■ • , ''jv-i} are equal, up to a permutation 
of vectors, then (I2.6P will follow by the definition. Next since for every {N — 1) positive integer numbers 
Ki, . . . ,Kn-i we have 2?(T, A2, Ai,u,ai, . . . , aN-i) C V{T, A2, Ai,u, Kiai, . . . ,KN-iaN-i) then 

Q{Kiai, KN-iaN-i) = 

inf J J G(^LV{T-Vu}(^siU + i:fs^^Sj+iKjajyT-Vu(^sii^ + EfS{hj+iKjajy si/|si|j ds : 

^ In 



L>0,ue V{T,A2,Ai,u,Kiai,...,KN-iaN-i) \ < 

\si\^ ds : 

L > 0, u e V{T,A2,Ai,u,ai, . . . ,aN-i) \. (2.7) 



inf j-^y" G(^LV{T-Vu}(^siU + j:fSi^Sj+iKjajyT-Vu(^siU + T.fS[hj+iKjajy si/ 

In 



Thus changing variables of the integration si = si and sj = Kj^iSj for every j = 2, . . . , iV in the r.h.s. of (|2.7p 
and using the periodicity condition in the definition of T>{T ^ A2, Ai, v, ai, . . . , apf^i^ gives 

Q{Kiai, . . . ,KN-iaN-i) < Q{ai, . . . , un^i) . (2.8) 

On the other hand for every positive integer number K we have that if u G 2?(T, A2, Ai, i/, Kai, . . . , KaM-i) 
then the function u{y) :— ^u{Ky) e T>(T, A2, Ai, i/, ai, . . . , aAr_i) and therefore, 

e{Kai, . . .,KaN-i) = 

inf J g(^LV{T ■Vu}(siu + Y.f-^^Sj+iKaj^,T ■Vu(siv + Y.'^~^^s,j^^^ si/|si|j ds : 

^ In 

L > 0, M e V{T,A2,Ai,u,Kai,...,KaN-i)^ > 
inf I G(^LV{T-Vu}(^siiy + Y.f-^'^Sj+iKajyT-\/u(^sii^ + j:fSi^Sj+iKajy si/|si|^ ds : 

^ In 

L > 0, ^uiKy) e V{T, A2, Ai,iy, a^, . . . , ajv-i) | . (2.9) 
Therefore, changing variables si := si/K, Sj — Sj ioT j — 2, . . . , N in the r.h.s. of (|2.9p we obtain 
Q{Kai,...,KaN-i) > 

inf J :|y" G(^(L/if)V{T- VS}(siiy + S^^lisj+iaj), T- Vu(siiy + Sf^-/^^^ si/|si|j ds : 

In 

L>0,ue V(T,A2,Ai,u,ai,...,aN-i)^ = e{ai, . . . ,aN-i) ■ (2.10) 

Plugging (|2A0)) to (IZl)) with Kj we deduce 

e{Kai,...,KaN-i) = e(ai, . . . , ajv-i) . (2.11) 
Thus from (g^ and (I^TTT]) we deduce 

e{iKi/K)ai, {KN^i/K)aN-i) < e(ai, . . . , a^-i) . (2.12) 
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So for every (TV — 1) positive rational numbers ri, . . . ,rN-i we have 

Qinai, . . . ,rAr_ia7v-i) < 6(cn, • • • ,aiv-i) ■ (2.13) 

Then also 

Q{ai,...,aN-i) = 6((l/ri)r'iai, . . . , (l/rAr„i)rAr_iajv_i) < Q{riai, . . . ^rN-ia^-i) ■ (2-14) 
Therefore for every {N — 1) positive rational numbers ri, . . . , r^r-i we must have 

Q{riai,...,rN-iaN-i) = Q{ai, . . . , a^-i) ■ (2-15) 

Finally since 

'D{A2,Ai,u,ai, ...,aj.. .,aN_i) = T>{A2, Ai,u,ai, {-aj) . . . ,a7v-i) , 
we deduce that the equality 

9(riai, . . . , rN-iaN-i) = 0(ai, . . . , a^v-i) (2-16) 

is valid for every (N — 1) different from zero rational numbers ri, . . . ,rN-i (without any restriction on their 
sign). 

Next since obviously 

X'(T, A2,Ai,i', ai, 02, . . . , aw-i) = X>(T, A2, Ai,v, ai, (ai + 02), 03, . . . , a^^i) 

we have 

0(ai, (ai + 02), as, • • . , ctw-i) = inf < y x 

In 

g(^L\7{T ■ Vu}(.si«^ + (.S2 + S3)ai + E^^-^Sj+ia^) , T • Vm(siJ^ + (§2 + 53)01 + S^^-^Sj+ia^) , si/|si|^ 



xds : L > 0, u G I'(T, A2, A\,v, ai, 02, • . • , aAr-i) 



(2.17) 



Therefore, changing variables Sj = Sj if j ^ 2 and S2 = S2 + S3 in the r.h.s. of (I2.17P and using the periodicity 
condition of the Definition 12.11 gives 

e(ai, (ai + 02), 03, . . . , ajv-i) = 0(ai, 02, . . . , aAr_i) . (2.18) 

Next let hj = Y^^S^Qj^ak, where {Qjk} £ R(^~i)^(^^i) is a non-degenerate matrix with rational coefficients. 
Then we can obtain the system {bi, 62, ... , bAf-i} from the system {ai, a2, . . . , ajv_i} step by step by applying 
the following three types of operations 

• Multiplying the vectors of the system with different from zero rational numbers. 

• Permutation of the vectors of the system. 

• Adding the first vector of the system to the second one. 

Since by (|2.16p and (|2.18p every step keeps the same 8(-, . . . , •) we deduce that the equality 

e(ai, . . . , ajv-i) = e(bi, . . . , bjv-i) , (2.19) 
is valid for every bj — Ti^S'iQjkCik, where {Qjk} is a non-degenerate matrix with rational coefficients. 
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Finally consider the general situation where bj — Yi^S^ Rjkak^ where {i?jfc} G is a non- 

degenerate matrix with real coefficients. Let (5 > be an arbitrary small positive number. By the definition of 
0(-, ...,■) there exists > and us E T^iT, A2,Ai, v>, ai, 02, . . . , flAr-i) such that 

In 

<e{ai,...,aN-i) + -. (2.20) 

There exists a sequence of non-degenerate matrices with rational coefficients {{Q^jk}}'^-i ^ R(^^i)^(^~i) 
with the property that lim„^oc{Qjfe''} — {Rjk} and lmin^oc{Qj'k}^^ = {Rjk}^^- In particular if we set 
{Pjk^} ■= {Q'^SV^ ■ {Rjk} then lim„^oo{/'jfc^} = In-i where In-i G m(^-i)x(^-i) is the identity matrix. 
For every n consider [N — 1) linearly independent vectors c^"'', . . . , c^'lj^ satisfying Cj""* = S^j^^pj^-'ofe for all 
j. Thus 6j = Sf-/g5';^4"\ Next let u„(?/) : R'' be defined by 



Thus by (|2.20l) and by the equality lini„^oo{^'jfe "*} = In-i, for sufficiently large n we must have 

In 

<e{ai,...,aN-i) + 6. (2.21) 
However, we have Un e 2?(T,A2,Ai,iy,4"\4"\...,c|;'li). Thus by I^M) we obtain 

e(4"\...,4'li) <e(ai,...,aAr_i)-f ,5. (2.22) 



On the other hand, by p.l9p and the equality bj — ^k=iQ'ik^k^^ '^^ have 



e(4"\...,cj;ii) = e(6i,...,6Ar_i). 

Therefore, by ([2:22)) 

e(6i,...,5Ar_i) < e(ai,...,ajv-i)+(J, (2.23) 
and since S > was arbitrary small we finally get 

e(bi, . . . , bjv-i) < e(ai, . . . , aN-i) . (2.24) 

Interchanging the roles of {ai, . . . , a^^i} and {61, . . . , b^^i} we obtain the opposite inequality. So in fact we 
have the equality 

Q{bi, 6jv-i) = 6(ai, • ■ • , ajv-i) 
and the result follows. □ 

Lemma 2.1. Let T e /:(R'^x^;R") and Zet G G C^K"''^ x K™ x R), satisfying G > 0, and let Ai,A2,v, 
{qi, 02, • ■ • , ijv-i} i/ie same as in Definition \2.1\ and satisfy G(0, Ai, —1) = a?id G(0, A2, 1) = 0. Further- 
more, set 

Rl :=inf I ;^ j g(^LV {T ■Vu}(^s^v + s^+^a,^ , T ■Vu(siU + Y.fs^^ s^+^a,^, si/|si|j ds : 

^ In 

u e V{T, A2, Ai, z^, ai, . . . , ajv-i) i , (2.25) 
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and 

Rl :=inf J g(^LV{T- Vu}(si/^ + I]f^Vsj+iaj), T -Vui^siV + Sj+ia,^, Si/|si|j ds : 

^ In 

u e V{T, ^2, Ai, i^, ai, . . . , ajv-i) | (2.26) 

(see Definition \2.1\) . Then 

Rl=Rl VL > . (2.27) 

and 

inf Rl = inf Rl = lim Rl . (2.28) 

L>0 Le(o,i) L^0+ 

Proof. Firstly we will prove (j2.27p . By Definition 12. II we clearly have 

D(T, As, Ai, I/, ai, . . . , oat^i) c V{T, A2, Ai, i/, ai, . . . , a^v-i). 

Therefore for every L > we clearly deduce Rl > Rl- Next fix an arbitrary u e 2?(T, A2,Ai,v,ai,... ,aN-i) 
and consider C(z) S C^(R^,M) such that suppC CC -Bi(O), C >0 and Jjjjv C(-2^)'^^ = 1- For any e > and any 
fixed a; G set 

^2,(x):=^(c(^),u(y)) (2.29) 
(see notations and definitions in the Appendix). Then G C°°(M^,M''). Moreover, clearly 

T.{Vu,(x)} = ^ / (fy^) .{T-Vu}{y)dy^ [ Ci^) ■ {T ■ \/u}{x + ez)dz, (2.30) 

and 

V{T-{Vu,ix)})^^ f c(^^)-^{T-Vu}{y)dy^ f ((z) ■ V {T ■ Vu}{x + ez)dz, (2.31) 
Then by the definition of P(r, A2, Ai, v, ai, . . . , Qat-i) and by (|2.30p we have 

T • Vue{y) = Ai if ?/ • IV < -(1/2 + e), T • Vue(2/) = A2 if ?/ • > (1/2 + e) and 

T • Vu,{y + a,) = T • VS,(2;) Vj = 1, 2, . . . , (TV - 1) . (2.32) 

Moreover, T-Vwe ^ T- Vu as e ^ 0+ in Ci(M^,]R™) i.e. T- Vu^ ^ T- Vm uniformly in and V{r- ViiJ 
V{r • Vm} uniformly in M^. Finally define e C°°(R^,M'') by the formula 



iiv + SjL-/5,+iaj j (^(2e + l)siu + Ej^/s.+ia, j . (2.33) 

Then using we deduce that Ue G I?(T, A2, Ai, i/, ai, . . . , aAr_i) . Finally, T • Vu^ ^ T ■ Vm as e ^ 0+ in 

Ci(K",K'")- Therefore, 



Rl < lim 



" z/ + + si/l^il) (2.34) 

In 

Thus since u G 2?(T, A2, Ai, i/, ai, . . . , ajv-i) was chosen arbitrary, from (|2.34l) we deduce Rl < Rl, which 
together with the reverse inequality, established before, gives (I2.27p . 

We are going to prove (|2.28p now. For every positive integer number K we have that if 

u G P(T,A2,Ai,iv,ai,...,aAr_i) 
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then the function 

WKiy) ■■= -^u{Ky) e V{T, A2,Ai,i>,ai,..., an^i) , (2.35) 
Moreover, changing variables in the integration and using the periodicity conditions of the definition of 

ViT, A2,Ai,v>,ai,..., ajy^i) 

gives the fohowing equaUty 

^ j g(^{L/K) V{T • Vwk}(siV + - T ■ Vwk (su^ + J:fs,' Sj+^aj) , si/|si|^ ds 

In 

^^J g(^LV{T ■ Vu}(^siiy + ^.f-^hj+ia^y T ■ \/u(^siu + J:fj^\sj+iajy si/|si|^ ds . (2.36) 

In 

Then in particular we observe that, for L > and a positive integer K, we have 

Rl < Rkl ■ (2.37) 

and thus clearly we have 

inf i?L = inf i?L = liminf i?L ■ (2.38) 

L>0 ie(0,l) L-!-0+ 

Finally assume, by the contradiction, that linisupi?^ > liminf i?^. Then there exists 5 > and a sequence 

L->0+ i^0+ 

Ln ^ 0+ as n — !> +cxd such that 

lim Rl > inf Rl+26. 

n^+OD L>0 

Thus in particular, there exists Lq > and uq e T>(T, A2, Ai, f , ai, . . . , a^^i^ such that 
^]lirn^i?L„ >^ + J^ J G(^LoV{T-Vuo}(sii^ + Sf=Vsj+iaj),T-VMo(sii^ + S^^Vsj+iaj)^^ (2.39) 

In 

Set 

if„ := maxjX e N : /s: < (Lo/in)} ■ (2-40) 

Then by the definition Kn < (La/Ln) < Kn + 1 and lini„_j.+oo Kn = +00. Thus if we set d„ :— Ln ■ Kn then 
lini„^+oo dn = Lq. On the other hand by (|2.37p and (|2.39p we obtain 

liminf := lim inf i?A'„L„ > ^+ 

j-jc^Lo V{T • Vuq}[siV + i:fs^\s,+ia^ , T ■ Vuq(siu + ^"^-^^ s^+ia^) , si/|si|^ ds . (2.41) 

In 

Thus in particular by the definition of i?d„ 

limjiJ J J- y" G(^d„ V{r • Vuq](siU + Sjllis.+iaj) , T ■ Vuq(siU + , si/|si|^ I > 

S+^^J G(^ioV{T- Vuo}(sii^ + Sfjl'sj+ia,), T- Vuo(si«^ + Sf=Vsj+i%)- si/kil) , (2-42) 



which contradicts to the identity lim„_>.+oo dn = Lq. So we have (I2.28p . □ 

Lemma 2.2. Let T e /:(M'^^^; R") and Zet G G C^K"''^ x x M), satisfying G > 0, and let Ai,A2,v, 
{oi, 02, • • ■ , ijv-i} be the same as in Definition \2.1\ and satisfy G{0,Ai,~l) = and G(0, ^2,1) = 0. Let 
9{t) e Ci(R,M) satisfies e{t) = if t < -1/2 and 0{t) ^ 1 if t > 1/2. For every L e (0, 1) define the function 
mL : ^ M" by 

mL{y) ■■= (1 - 0{y ■ u/L))Ai + 0{y ■ u/L)A2 . (2.43) 
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Then 



inf Pl = lim Pl , (2.44) 

LG(0,1) L^0+ 



where 

]ds 



Pl ■■= inf Ij^ J ^ (^LV{mL +T-Vv) (sii/ + Sf^-^/sj+ia^) , (mL + T • V-y) (sii^ + Sjl^i^Sj+iaj 



Si 



w e X'o(i^,ai,.--,ajv-i)| , (2.45) 

and 

Pl := inf Ij^ J ^ (^L\/{mL +T-Vv) (sii/ + Ef^V^J+i^) , (^l + T ■ Vw) (siz^ + E^^-isj+iaj) , ds : 

^ In 

V eVi{i^,ai,...,aN-i)\ , (2.46) 



with Vil-) and T)o{-) defined by Definition \2.R 

Proof. Since ('^i ii, • • • , iAr_i) C iv, Oi, . . . , aAr_i) we deduce 

inf FL<liminfFL. (2.47) 

-Le(0,l) L-!-0+ 

Next let L G (0, 1) and v £ Vi (T, iv, ai, . . . , qat^i) that we now fix. As before for every positive integer 
K >2 define 

^K{y) := ^v{Ky) eVi{T,iy,ai,...,aN^i) . (2.48) 

Then, changing variables in the integration and using the periodicity condition in the definition of X'i(-) together 
with the definition of m^, we obtain 



ds 



In 

= yJ^{^ V(tol + T • Vv) (sii/ + Sfj-iisj+ia,) , (m^ + T • Vi;) (siiv + J^fs^^s.+iUj'^ , ds . (2.49) 

In 

Next let C{t) e C^(W,R) satisfies suppC C [-1/2, 1/2], C{t) = 1 if i G [-1/4, 1/4] and < C{t) < 1 for every 
t G M. For every integer ii' > 2 set 

VK{y) ■■= VK{y)C{y ■ i^) e 2'o(»^, qi, • • ■ , ajv-i) ■ (2.50) 

Then for ii' > 2, we have 

T ■ \7vK{y) = T ■ (vvKiyKiy ■ i^) + Civ ■ i^}vK{y) ^i^^=T- Vv(Ky) + ^C,' {y ■ v)T ■ {v{Ky) ® u) , (2.51) 
and furthermore, for the same case K > 2, 
V{T • VvK}{y) - V{T ■ WvK}{y) + C{y ■ i^)v(t • {vK(y) ® i^}) + C"{y ■'^)(t- {vK(y) ® i^}) ® 

= KV{T ■ Vv}{Ky) + ('{y ■ i^)v(r • {v ® i/}) (Ky) + ^(''iv ■ '^){t ■ {v{Ky) ® j^}) ® . (2.52) 

Thus 



{L/K)V{T-Vi,K}iy) 



LV{T • Vv}iKy) + ^Civ ' '^)V(r ■ {v ® «^})(i^2/) + -^("{y ■'^)(t- MKy) (® u}) (® u . (2.53) 
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On the other hand by (|2.43|) we have 

mL/K{y) = {l-e{vuK/L))A^+e{yuK/L)A2 Vy £ , 

(2.54) 

{LlK)VmL/K{y) = 0'{y -vK/L) {A2 - A^) ® u Vy £ . 

However, we have C, C, C", 6*, e and v,\/v,V{T ■ Vu} E L°°. Moreover, G{0,Ar,{-lY) = and since 
G > also VG(0, A^, (-1)'') = for every r G {1, 2}. Therefore, by ([234)) . ((23T1) and ([233]) we have 



/ 

is: 



^0 as iC^+cx). (2.55) 

Thus by (1^^ we have 



hm — 

I 



^ y G (^LV(mi + T • Vt;) (siu + Ef^-^s.+ia,) , (m^ + T -Vv) (s^u + Sf^-isj+ia^) , ds . (2.56) 



However, since v K{y) ^ T^oiy , 0,1 . . ^ aM-i), we obtain 



hm 



In 

\ > hmsupP/ (2.57) 

Therefore, by (^35)) and (P37| we deduce 

J G(^L\/{niL + T ■ Vv)(^siv + S^^i^Sj+iaj) , (y^L + T ■ Vv)(^siv + E^^i^Sj+iaj) , ds > hmsupP; 

(2.58) 

Then since L e (0, 1) and w G 2?i (T, 1^,01,... , qat^i) were arbitrary by (|2.58p we deduce 

inf Pi > hni sup 

Le(0,l) L^o+ 

This inequahty together with the reverse inequahty (|2.47p gives equahty (|2.44p . □ 

3 Upper bound construction 
3.1 Primary approximating sequence 

We define a special class of mollifiers that wc shall use in the upper bound construction. 
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Definition 3.1. The class Vo consists of all functions 77 e C^(M^,M) such that rj is radial, > 0, suppr; C 
-81/2(0) and /jgjv v{z)dz = 1. 

Next let?7(z) e Vq, A e /:(R'^^^; M™), B e C{R'^;R'') and w G 2?'(R^,R'') such that A- Vw e SV^(R^,R")n 
and B • w G W^^\R'^ , M'^) n L°° n Lip. For any e > and any fixed x G R^ set 



V'e(x):=^(77(^),^'(2/)) (3.1) 
(see notations and definitions in the Appendix). Then tp^ G C°°(R^,R'^). Moreover clearly 

A-{VMx)} = ^f v(^—^)-{A-Vv}{y)dy^[ t^{z) ■ {A ■ Vv]{x + ez)dz, (3.2) 

B ■ {V'e(x)} - ^ / • {B ■ v]{y)dy = [ rj{z) ■ {B • v}{x + ez)dz. (3.3) 

and since is radial, and therefore Jjjjv Ti{z)zdz = 0, we have 



UB.m^)}-{B.vm)^( ^(,) {^--}(^ + ^^)-{^--}(^) ,,^ 

/ ( / 77(0)^ ■ V{B ■ u}(x + £te)dz )dt = / ( / r?(2)z- (v{B-u}(a; + ete)-V{B--(;}(a;))dz)dt. 

(3.4) 

Then by the results of [27] and [29] we have linie_,o+ A- V-^e = A-Vv in LP(M^, M"), hme^o+ eV{A- V^Ae} = 
in LP(R^,R"x^), lini5^o+ ^ • V'e =B-vm W^1'P(R^, R'^) and lime^o+ (-B • - -B • «)/e = in Xp(IR^,IR'=) 
for every p> 1. Moreover, A ■ VV'e, eV{A • V^p^}, B ■ -0£ and V{-B • ip^} are bounded in L°°, 

limsup- / A ■ V^/js{x) - {A ■ Vv}{x) dx < +00 , (3.5) 

and the following Theorem holds. 

Theorem 3.1. Let n C be an open set. Furthermore, let A G £(R''^^; R'"), B G /:(R'^;R'=) and let 
F G CHR"''^ X R" X R'^ X R9,R), satisfying F > 0. Let f e BViocC^^ ,'^'^) n L°° and v G D'(R^,R'^) 
be such that A-Vv e BV^(R^,R™) n L°°(R^,R™) and B ■ v e Lip(R^,R'=) n Tyi'i(R^, R'=) n L°°(R^,R'=), 
\\D{A ■ Vv)\\{dn) =0 and F{0,{A-Vv}(x),{B ■ v}{x),f{x)) =0 a.e. inn. Consider tp^, defined by ([3T]) . 



/onJAVi. 



limi / F(eV{A-V^,{x)}, A-V^,{x), B-^,{x), fix))dx^ [ 
|^F(^p{t,x)[{A■Vv}+{x)-{A■Vv}-{x))®l.{x),r{t,x)AB■v}{x) ^^^^+^^^~^''^^^^^^^ 

^dn^-\x), (3.6) 

(with v^x) denoting the orientation vector of Javv) where 

r{t,x):^(^J p{s,x)ds^{A-Vv}-{x) + (^J^ p{s, x)ds^ {A ■ Vv}+ (x) , (3.7) 
with p{t, x) is defined by 

p{t,x):^( T^{tu{x)+y)dH''-\y), (3.8) 



i^(x) 



and we assume that the orientation of J j coincides with the orientation of Ja vv T~L a.e. on Jj fl Ja 



Vv- 
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3.2 Modification of the primary sequence near the single elementary surface 

Next assume we are in the settings of Theorem 13.11 Let S be {N — l)-dimensional hypersurface satisfying 
S CC fl. Moreover, assume that for some function g{x') G C^(M^^^, M) and a bounded open set U C M^^^ we 
have 

S = {x^ {xi,x') : x' eU, xi= g{x')} , (3.9) 

and 

n(x') = (1, -V,..g(a;'))/v/l + |V.'g(x')|2, (3.10) 

where n(x') is a normal vector to S at the point (^g{x'), a;'). Using Theorem I A. 1 1 we deduce that there exists a 
set D C S such that H'^~^{S \D) — Q and for every x & D we have 



Hm 



Ib-(. (K^ • - • + - 

Um ' ' " — — ^ =0, (3.11) 

where we use the convention Vw+(x) — Vv^{x) — Vw(a;) and f^{x) — f^{x) — f{x) at a point of approximate 
continuity x. 

Consider a radial function 6'o(z') = k{\z'\) G C;?°(M^-\R) such that supp6'o CC Si(0), 6lo > and 
/rn-i 9o{z')dz' = 1. Then for any e > define the function ge{x') : ^> K by 

g,{x'):=^[ eJy—^)g{y')dy' = I e^{z')g{x' + sz') dz' , Vx' C R^-^ . (3.12) 

Since is radial, we obtain /rn-i ^ol-z')-^' i^^' = 0- Therefore, since g C C^, clearly we have 

- sup \ge{x') — g{x')\ as e 0^ , 
£ x'eu 

sup |V.ge(a;') - V.g(a;')l as e ^ 0+ , 

x'eu 

sup |eV^5e(a;')l ^0 as e 0+ . (3.13) 

Let ei, 62, . . . , Bat be a standard orthonormal base in and let ho{y, x') be an arbitrary C°°(R^ x R^^-'^, R'') 
function satisfying 

/io(2/,a;') -0 if lyi|>l/2, and h^iy + e,,x') ^ K{y,x') Vj = 2,...,A^, (3.14) 

and 



supp /iQ (y,a;') C xZ^. (3.15) 
Denote the set of such functions by ViU). Let L > be an arbitrary number and let 

h{y,x'):=hio{Ly,x'). (3.16) 

Then h G C°°(R^ x R^-i,R'*) satisfies 

h{y,x')={) if |yi|>l/(2L), and h{y + {1/ L)e,,x') = h{y,x') Vj=2,...,iV, (3.17) 

and 



supp/i(y,x') c R^ X Z^. (3.18) 
For any e > define the function Ue{x) G C°°(R",R'') by 

'xi " 5£(a;') x'^ 



where tj:^ is defined by p.2p . 



(3.19) 
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Lemma 3.1. Let S, g, U, n, Oq, g^, V{U), ho G ViU), L, h andu^ be as above. Thenlmi^_^Q+ A-Vu^ = A-S/v 
in LP(M^,M™), lims^o+ ■ VuJ ^ m LP(E^, M™'^^), lime^o+ B ■ Ue = B ■ v m M^1'P(M^, M'=) and 

lim^^o+(B ■ Ue ~ B ■ v)/e ^ Q in LP(R^,R'=) for every p > 1. Moreover, A ■ Vu^, eV{A ■ Vu^}, B ■ and 
V{B • Uj} are bounded in L°° , and since for small e > we have J^^ A ■ Vu^dx — A ■ Vip^dx by (|3.5p . we 
obtain 



lim sup 

£->-0+ 



-( f A-Vu^{x)dx- f {A-\7v}{x)dx 



< +0O , 



Proof. Denote 



It is clear that there exists Af > such that 



Vre{x) + £VVe(x) 



<M Vx e R^, Ve > 0. 



(3.20) 



(3.21) 



(3.22) 



It is sufficient to prove that hni^^o+ sVr^ = in iP(R^, R''^^^^^^), hm^_,o+ Vr^ in i?'(R^, R''^^^) and 
hni£_j.o+ r^/e = in LP(R^,R'^) for every p > 1. Indeed, by the first equahty in p.l7p we have 

'7j'n=0 If kl-5e(x)|>-. 



r^{x) = eh(^(^ 



Therefore, 



re(x) = 0, Vre(x) = and V'^r^ix) =0 if |a;i - ge{x')\ > — 



2L 



(3.23) 



Thus, by p.lSp . p.22p and p.23p we obtain that there exists a compact K CC R^ ^, independent on e, such 
that 



Vr.(x) " + £V^re(x) 

9e(a:') + 



dx 



K a^x')- 



Vr,{x) 



eV^r,{x)\''\dxidx' <^^eC'-^-^\K) ^0 as e ^ 0+. 



□ 



S K r"-i 



Proposition 3.1. Let S, g, U, n, 0q, g^, ViU), ho E ViU), L, h and be as above and let v F, f, A, B, 
p and r be the same as in Theorem \3.1[ Then 

lim yijF^eVjA- VV'e}, A-V^/j,, B-^;,, - F(eV{A ■ \/u,}, A-\/u^, B-u,, /) | 
n 

^f(^p{~s^/L, x){{A • Vv)+{x) - {A ■ Vv)-{x)} ® n(x'), r{-s^/L, x), B ■ v{x), C{s^,f+{x)J- {x))^ 
- jf(^p{-s,/L,x)^^{A ■ Vv)+{x) - {A ■ Vz;)-(x)} n(x') + LVy{A ■ Vyh}{Q,,{s), x'), 

r{-si/L,x) + A-\/yh{Q^,{s),x'),B-v{x), C{si, f+ {x), T (x))^ \ ds' dsi dH^-\x) , (3.24) 



1/2 < Sj < 1/2 i/ 2 < j < ivj 



where (si,s') := s G R x M^-^, 

■■= [s =is2,...SN) 
h{y,x') e C°°{R^ X R^-^M"*) is given by 

h{y,x') ho({yi-^,'g{x')-y',y'],x'^ 



(3.25) 
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{t +t)a + {t - tb \a tft>0, 

C[t, a, b) := — ^ < (3.26) 

2KI \^b ift<0, 

and the linear transformation Qx'{s) — Qx'{si, S2, ■ ■ ■ , sat) : —5- M.^ is defined by 

N 

Q,-(s) (3.27) 

with 

n(x') if 7 = 1, 

q^{x'):={ / , ■ (3.28) 

[ (V,5(2;') • ej) ei + if 2<j<N. 

Proof. Observe that 

- a,, hi^{^il^f^, , « V.5e(.') + eV./. , X') , (3.29) 

where W2h{y,x') :— (0,Vx'h{y,x')) (the M^-gradient by the second variable) and 

eVlu^ix) = sVlM^) + V^/. ^) , x') - v,a,,/. (^(^l^^l^, j) , x'^ ® V.5e(2;') 

- V,g,(x') ® V.a,,/! (^(^i^l^, ^) , x'^ + dl^^h(^[^^^f^, j) , x'^ ® V,g,(x') ® V^geix') 

- eV,g,(x') ® V^a,,/. ^) , 2;') + £2v|/,(^(^l^|£M, ^) , ^' j . (3.30) 
Then by ([5:^ and dSSHl), and by and (gS]) we have 



B-Ue{x) = j T^{z){B-v}{x + ez)dz + £B-h(^(^^^^—^^,'^^,x'], (3.31) 



A-Vxu,{x)= J 7j{z){A-\/v}{x + ez)dz + A-Vyh(^l^^^—^^,jyx''^ 

- A . {a,,/^((^ii^|i(:^, ® V.5.(x')} + . V./.((:^^i^|^, :^),.') , (3.32) 



and 



Xl-ge{x') x'\ , 



eVx{A ■ \7xUe}{x) = - / {A • \7v}{x + ez) ® V^77(z) dz + Vy{A ■ Vyh} 

- [A ■ VydyM{^{^^^^^, ^) , X^ ® Vx9e{.x') A ■ ^Vx9e{x') ® ^ydy,h(^[^^^^f^, j) , x'^ 

^Xi_|e(^^ ^) , X'^ ® V.ge(x')} ® y.9e{x') 



— eA ■ {dy^h 



((^^^^f^, ^) , X') « V^,.(x')} + eVjA . V2h}{{^^l^^, ^) , 
+ eV2{A ■ V,/.} ^) , x') - e{A • V^a,, h}[[^l^^^, ^) , x') ® V.g,(x') 
eA . I V.5e(x') V2dy,h(^[^^^^^, ^) , x') I + £2 V2{A . V2M (^(^i^l^, ^) , x') , (3.33) 
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where we denote 

^ ^ / i) l<i<m,l<j<N 

and 

A-\y^g,{x')®Vvj\ \=\{A-\d.jVD®yxge{x')\\ \ Vnj : ^ M'' . 

^ ^ / i) l<i<m,l<j<N 

Note also that 

{xen-. u,{x) ^ 7P,{x) } C {x : x' eU \xi - ge{x')\ < e/{2L)} . (3.34) 

Thus 



J ^I^F(^e\7{A ■ WJ, A ■ We, B ■ Ve, /) - F(eV{A ■ Vu,}, A • Vu„ 



B -Ue, f] }dx = 



n 

g,(x')+E/(2L) 



(3.35) 

Then changing variables gives 

y"i|^^(£V{A- VV-e}, A- Wj., B-V'e, /) ~F(eV{A-Vu,}, A-Vue.,B-u,, /) | = 
a 

e/(2L) 
W -e/(2L) ^ 

-F{y{A ■ Vu,}{x + .ge(a;')ei), A ■ yu,{x + g,{x')ei) , B ■ u,{x + g,{x')ei) , f [x + ge{x')ei)^ | dx^dx' . 

(3.36) 

We also observe that for any small e > we have 

B • ifj^^x + ge{x')eij = / ■q{z){B ■ v}{x + g^{x')ei + ez) dz = 

/ Tylzi — xi/e + (g(x') — ge{x'))/e, z']{B ■ v}(^g{x') + ezi,x' + ez') dz , (3.37) 

and then 

B ■ u^l^x + gs{x')ei) = B ■ ipeix + ge{x')eij + e B ■ h{x/e, x') = 

/ ryfzi - xi/£+ {g{x') - .g£(x'))/e, ■ v}[g{x') + ezi.a;' + ez') dz + s B ■ h{x/s,x') . (3.38) 

Moreover, 

A • V'0e(x + 5£(a;')ei) = / ri{z){A ■ Vv}(x + ge{x')ei + ez) dz 

= / Tj(zi-xi/e+{g{x')-ge{x'))/£,z'){A-Vv}{g{x') + £Zi,x' + ez')dz, (3.39) 
Jr« ^ ^ 

and then by (|3.32l) we infer 

A ■ VMe(x + geix')ei) = / 77(21 - xi/e + {g{x') - 55(2;')) -^'jl^ • Vi;}(.g(a;') + ezi,x' + ez') dz 

JR" ^ ^ 

+ A • Vy/i(a;/e,a;') - A ■ ^^dy^h{x/£,x') <Si V^ge(a;')| + sA ■ \72Hx/e,x') . (3.40) 
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Finally 



eV{A ■ Vijjs}(x + g^{x')ei) = - / {A- \7v}{x + ge{x')ei + ez) ® V-q{z) dz = 

- / {A-Vv}{g{x') + ezi,x' + ez') (g)Vri(zi ~ xi/e + {g{x') ~ geix'))/£,z') dz , (3.41) 

and then by (|3.33p we have 

eV{A-Vu,}{x + g,{x')ei) = 

- / {A-\Iv}{g{x')^ezx,x' ^£z')®\l^{zx-x■Y|e^{g{x')- ge{x'))l£,z'\dz 

+ Vy{A • V,y/i}(x/e,a;') - {A ■ Vydy^h}{x/£,x') ® V^geix') - A ■ ^V^g^{x') ® Vydy^h[x/£,x')^ 

+ A ■ {a2^^^/i(a;/£,x') ® V,g,(a:')} ® V,ge(a:') - ^ ■ {5aiMa;/£,a:') ® {£V^gs(a^')}} 
+ £Vy{A ■ V2h}{x/e, x') + eV2{A ■ Vyh}(x/e, x') - e{A ■ V2dy,h}{x/e, x') (g) V^^g^ix') 

- eA ■ \y.,ge{x') ® V2dyMx/£, x')} + e'VajA • \/2h}{x/e,x') . (3.42) 

Set 



+ 



r]{zi - xi, z')dzj {A ■ \/v}- {g{x'),x') , (3.43) 



and 



e{xi,x') := -{A-Vv}+{g{x'),x) ^ J \/r]{zi - xi, z')dz 

H+ ({g{x'),x'),n{x')) 

-{A-\/v}-{g{x'),x')^(^ J V,v{zi-xuz')dz'^ , (3.44) 

H_[(g(x'),x')M=^')) 

where H+{x,n) = {y e : {y ~ x) ■ n > 0} and H^{x,n) — {ye M.^ : [y — x) ■ n < 0}, and define 

Ae(x) := 5{xi/£,x') + A ■ \7yh{x/e,x') - A ■ ^^dy^h{x/e,x') Va;5(a;')| , (3.45) 

and 

Q^{x) := e{xi/e, x ) + Vy{A ■ \7yh{x/e, x')} - {A ■ Vydy,h}{x/e, x') V^gix') 

- A ■ {Vxg{x') ® Vydy,h{x/£, a;')} + A • ^^d^^y^h{x/e, x') (g, V^g{x')} V^g{x') . (3.46) 

Then by the fact that {B ■ v} e Lip and by ((3T1|) . ((3T^ . (|337)) . ([XSQt and ((OT|) we deduce 

e/{2L) 



J J ^l^eV{A-Vi;e}{x + ge{x')ei) -9{xi/e,x') + A ■ \/i;e{x + geix')ei) - S{xi/e,x') 

+ B ■ tp^{x + ge{x')ei) - {B ■ v}{g{x'),x') ^ dxidx' ^ as e , (3.47) 



U -e/(2L) 
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and by the fact that {B ■ v} e Lip and by (PTT|) . (|XT^ . (P35| . (IXiO)) and ((Xi^ we deduce 

£/(2L) 



U -e/(2L) 

+ B ■ Me(a; + 5e(a;')ei) - {-B ■ I dxidx' as e ^ , (3.48) 

Therefore, by ([OHl) . (IOT)) and ([OSl) we infer 

i /^(^(xi/e, x'), ^(xi/e, x'), {B • v]{g{x'),x') ,f{x + 5e(x')ei)) 



£/(2L) 



W ~e/{2L} 

-F(e,{x), A,{x), {B-v}{g{x'),x'), f{x + ge{x')ei))^ dx^dx' + I, , (3.49) 
where hnij_>o Is = 0. Next by Theorem 3.108 and Remark 3.109 from [4] we deduce that 



hm — 

p^0+ p J_p 



f{g[x') + s, x') - CU, /+(5(a:'), a:'), {9[x'), x') 



ds = for a.e. x' eU, (3.50) 



where C(i, a, &) is defined by (13:26)) . Then, since / G L°°, by (|330)) and ([3T3)) we obtain 

£/(2L) 



fix + <?e(.T')ei) - C(2:i, /+(.g(a;'), x'),f-{g{x'), x')) 



U -e/{2L) 

Thus, using (|33T|) . by (fOOl we obtain 



dxidx' -> as £ —J' . (3.51) 



- < F mxi/e, x'), ^(a;i/e, x'), {B • v}{g{x'),x') , c(xi, f^{g{x'),x') , (5(a;')> 2;' 



e/(2L) 



W -£/(2L) ^ 

F[ e,(x), A,(x), {B-«}(<?(x'),a;'), ((a^i, /+(ff(x'), x') , r (5(2:'), x')) 1 U^idx' + l.^ 



e/(2L) 



i I F (e{x,/e, x'), S{x,/e, x'), {B ■ v}{g{x'),x') , c(^xij+{g{x'),x') , f {9{x'),x') 



K -e/{2L) 



f(q,{x),K,{x), {B-v}{g{x'),x'),c{xiJ+{g{x'),x')j-{g{x'),x'))\\dx^dx' + (3.52) 



where hme_j.o le — ^ and CC W is a compact set, such that 

supp/i(y,a;') C x /C . 

Next for every y' e M^^^ set 

A,(x,y') := 5{xi/e,x') + A ■Vih({xile,x' /e + y'},x'^ A \dy,h({xi/e,x' /e + y'},x'^ ^^^xgix')^, 

(3.53) 
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and 



Geix, y') := 6{xi/e, x') + Vi{A ■ Vi/i} ({xi/e, x' je + y'}, a;') - {A ■ Vidy.h} (^{xi/s, x'/e + y'}, a;') Va^gix') 

- A ■ { V,,5(a;') ® Viaj,,/i({a;i/£, x'/s + y'}, a;') } + A • {a^^j,^/i({a;i/£, x'/s + y'}, a;') V^5(a;')} ® V,,ff(a;') , 

(3.54) 

where we denote Vih{y, x') :— Vyh{y, x') (the partial gradient of h by the first variable). Then A.s{x, 0) = As{x) 
and 6e(a;, 0) = @e{x)- Moreover, for every y' G R^~^ and for £ > sufficiently small, changing variables in the 
integral gives 

e/{2L) 



J I F(^e,{x,y'), Ae{x,y'), {B ■ v}{g{x'),x') , c[xi,f+{g{x'),x'),f-{g{x'),x'))^ dx.dx' = 

K -£/(2L) 

e/(2L) ^ 

j J F(@,{x,y'), Ae{x,y'), {B ■ v}{g{x' - ey'),x' - ey'), C{xij+ {g{x' - ey'),x' - ey')) ] dx^dx' 



K+ey' -e/(2L) 
e/(2L) 



= j j F(e,{x,y'), Mx,y'), {B.v}{g{x'-ey'),x'-ey'), c(xuf+{g{x'-sy'),x'-ey'))^ dx^dx' +elf\y') , 

K. -£/(2L) 

(3.55) 

where, 

K{x,y') := 5{xi/e,x' - ey') + A ■ Vih{x/e,x' - ey') - A ■ ^dy^h{x/e,x' - ey') ® V^g{x' - £y')} , (3.56) 

e,{x, y') := 6{xi/e, x' - ey') + Vi{A • \/ih}{x/e, x' - ey') - {A ■ Vidy,h}{x/e, x' - ey') CE) \/^g{x' - ey') 
- A ■ {Va^g{x' - ey') Vxdy,h{x/e, x' - £t/')} + A ■ \^dl^y^h{x/e, x' - ey') ® Va^g{x' - £y')} «> Va^g{x' - ey') , 

(3.57) 

and li°\y') -)■ as £ -)■ 0+ and \\li^\y')\\L--{v) < C for every bounded set V CC M^-^ On the other hand, 
since 6,6 & L\^^, we deduce that 



e/(2L) 

j j ~ ^y') ~ ^(a;i/£, a;')| + \8(x\le,x' — ey') — S{x-i/e,x')\^dxidx' = 

U -£/(2L) 

1/(2L) 

j j {\^e{xi,x' -ey')-e(xux')\ + \5{xi,x' -ey')-5{xi,x')\^dx-i^dx' ^Q, (3.58) 



as £ — >■ 



U -1/(2L) 

0+. Moreover, since {B ■v}{g{x'),x'),f+{g{x'),x'),f-{g{x'),x'),Vg{x') G L]^^{R'^-'^) we also have 



j {^{B- v}{g{x' - ey'),x' - ey') - {B ■ v}{g{x'),x')\ + \f+{g{x' - ey'\x' - ey') - f+{g{x'),x'] 
u 

+ \r{9{x' -ey'),x' - ey') - /" (<?(a;'), x') | + \Vg{x' - ey') - ^g{x')\^dx' ^0, (3.59) 
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as e -> 0+. Therefore, by (I53g)) . (jXsgi) and (IXSS]) we deduce 

e/(2L) 



/C -e/(2L) 



-j{Q,{x,v')rK{x,y'). {B-v}{g{x'),x'), c(^xij+{g{x'),x'),r{g{x'),x'))yxidx' 
^Pfe.ix), A,(x), {B-v}{g{x'),x'), (:(^x^J+{g{x'),x')j-{g{x'),x'))] dx^dx' 



£/(2L) 

(3.60) 



where ^^(y') as e 0+ and \\le{y')\\L--{v) < C for every bounded set V CC M/^-'^. Then by (|332l) and 
p.60p we infer 



N-i e 

K -s/(2L) " '-^ 

- F[ee(x, y'), Mx, y), {B ■ v}{g{x), x'), C{xij^{gix'),x')j- {gix'), a;'))) [ dy'dx^dx' + I 



F 



JV-l £ 



{xi/s,x'), S{xi/s,x'), {B ■v}{g{x'),x'), c{xi, f^{g{x'),x')j {g{x'),x') 



U -£/(2L) ^ ^ 

- f{q,{x, y'), A,{x, y'), {B • v}{gix'), x') , ((2^1,/+ {g{x'),x') , /- (5(2;'), x'))) | dy'dx.dx' + I , (3.61) 

where Hme->o 4 = and /f"^ {y' e R^-^ : -l/(2i) < y^- < 1/{2L) if I < j < (N - 1)}. Next 
since for every locahy integrable function P : R^^^ — > R satisfying P(ii[,y'2, . . . {y'j + 1/i), . . . = 
P{yi,y'2-, ■■■y'j,--- y'N~i) for every 1 < j < - 1 we have 

/ P{y' + z')dy' = / P(y')rf2/' Vz' e R^-^ , 
by (|3T7l) and ([33T|) we deduce 



F 



N-l £ 



e{xi/e,x'), 6{xi/e,x'), {B ■ v}{g{x'),x'), ((^xi, f+ {g{x'),x') , T {gix'),x')) 



U -e/(2L) 

-p( e 



^e{x,y'-x'le),Ke{x,y'-x'/e), {B.«}(.g(xO, x^, c(a^i, ^0' a^O)) | rfy'dxidx' + Z; . 

(3.62) 
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Therefore, changing the variables z\ := Lxi/e, z' :— Ly' in p.62p together with (|3.16l) gives 



n 

1/2 



w -1/2 ^ ^ 

F Uzi/L, x') + a(z, -^Izi/i, .t') + k(z, x'), {B ■ v}{g{x'), x') , c(^i, /+ W)^^') ' {9{x'),x')) \ \dz'dz^dx' 



u 

F 



^^^_^^F(^eiz,/L,x'),SizjL,x')AB-v}{g{x'),x')x{ziJ+{g{x'),x')j-{g{^^^^ 



e{zi/L, x')+a{z, x'),5{zi/L, x')+k{z, x'), {B-v}{g{x'), x') , c(^i, /+ {g{x'),x') , f- {g{x'),x')^j jdz'dz^dx', 

(3.63) 

where 

k{z,x') := A ■ ^,ho{z,x') - A ■ ^^dMz,x') ® V,g(x')} , (3.64) 

and 

x') L (v,{A ■ V^ho}{z, x') - {A ■ \/^d,,ho}{z, x') ® \7^g{x') 

- A ■ {V,5(a;') ® V ,d,,ha{z,x')\^ + A ■ \d\,Jia{z,x') ® V,g(x')} ® V,g(a:')j . (3.65) 
On the other hand we have 

&{t,x')^(^ J r](^z^{tni{x')}n{x')^dz^{A-\/v}+{g{x'),x') + 

J r](^z~{tni{x')}n{x')^dz^{A-Vv}-{g{x'),x') =r(^-tni{x'),{g{x'),x'}y (3.66) 

H^{igix'),x'),n(x')) 

and 

e{t,x') ^ -{A-\/v}+{g{x'),x') ® J \7r](^z - {tni{x')}n{x')jdz^ 

H+ ((g(x'),x'),n{x')^ 

- {A-Vv}-{g{x'),x') (g) J \/r](^z - {tni{x')}n{x')yz^ 

H^[(g(x'),x'),n{^')) 

= p( - tni(x'), {5(2;'), a:'}) (^{A • Vv}+{g{x'), x') - {A ■ Vvj^ {9{x'),x')^ n{x') , (3.67) 



where as in (|3.8p and (|3.7p . 



p{t,x):^ Tl{tn{x')+y)dH^-\y), (3.68) 



T{t,x):=(^J p{s,x)ds^ ■ {A-Vvy{g{x'),x') + (^J^ p{s,x)ds^ ■ {A ■ Vv}+ {g{x'),x') , (3.69) 



and by ni we denote the first coordinate of n. 
Next define h{y,x') G C°°(M^ x R^-i,E'*) by 



h{y,x') := ;jo({2/i - V,.g(x') •y',y'},a;') , (3.70) 
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where y — {yi,y') eR x R" \ and set 

fn(x') if 7 = 1, 

qJx') := <^ ^ ^ . (3.71) 

[{Vo,gix')-e,)ei + e, if 2<j<A^. 

Then using p.lOp by definition we have 

Qj {x') ■ {x') = Qj {x')-n{x')^0 for every 2 < j < iV . (3.72) 

Moreover, by p.l4p we have 

h{y,x') = if \{y ■9i(x'))| > ^ni(a:'), and h{y + q^{x'),x') = Hy.x') Vj = 2,...,iV, (3.73) 
and by ((3?T5)) . 

supp/i(y,x') CC X Z^. (3.74) 
Furthermore, by the definitions (|3.70p . (13.641) . and p.65p we deduce 

A ■ Vyh{y,x') = K(^{yi - V^^gix) ■ y\y'},x'^ , 
LVy{A • Vyh}{y,x') = - V^,g{x') ■ y',y'},x'^ . 

Then, since by p.63p we have 



(3.75) 



B ■ u^, / ) > da; 



«-i i| ^(^(^i/^' ^'), S{zi/L, x'), {B • «}(5(x'), a:')' C(^i, /+(5(a^'), {gi^'),^') 
- F (^e{z,/L, x') + a{z, x'), S{z,/L, x') + k{z, x'), {B ■ v} {g{x'), x') , C (^i , /+ {g{x'), x') , /" {g{x'), x')) 

^dz'dzidx' , (3.76) 

changing variables (zi, z') = (yi — \7x'g{x') ■ y' , y') of the internal integration in all places in the r.h.s. of p.76p 
together with ((3J4l) . (jSlSl), f^M^ . (l3J7l) and ((3J5l) gives 

Ihny" i|F(£V{A • V^J, A • VV-e, S • Ve, /) - f(£V{A • VuJ, A • Vu^, B ■ u^, /) | dx = 

/ / , ^ =\F{p{^n{x')-y lL,x){{A-Vv}+{x)-{A-Vv}-{x))®n{x'), 

i •'mi L. {l + \Vx>gix')\A I V 

r( - n(x') ■ y /L, x), {B • z;}(x), C(n(x') • y, /+(x), /"(x))) 

- F (^p( - n(x') ■ y /L, x) ({A • Vw}+(x) - {A ■ Vw}-(x)) n(x') + LV • \/yh}{y, x'), 

r( - n(x') • 2//i:,x) + A . V,%,x'), {B • i,}(x), C(n(x') • j/,/+(x), /" (x))^ I dydH^'^ix) , (3.77) 



Consider the linear transformation Qx'{s) — Qx'{si, S2, ■ ■ ■ , sjv) '■ ~> R^ by 

N 



g,-(s) :=^s,q^-(x'), (3.78) 
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where Qj is defined by ((X7T|) . Then by (|X7T|) 



det{g,' } = m (x') (l + I V,'5(a;') I ') - ^ (l + | V,-5(a;')|') . (3.79) 

Moreover, we have 

Q,. (^{s e : si > 0, Sj e ( - 1/2 + 1/2 + a,,si) Vj > 2}^ 

= {n(x')-y>0}n{y'e/f-i}, 
Q,' (^{s G : si < 0, sj £ ( - 1/2 + a,,si, 1/2 + a,,si) Vj > 2}^ 

= {n(x')-y<0}n{y'£/i^-i}, (3.80) 

where ax' ■= ni{x')(Vxg{x') ■ ej) and by (13.73^ we deduce 

h{Qxis + e,),x') ^h{Qx'{s),x') yj = 2,...,N. (3.81) 

Therefore, changing variables from y to s in p.77p and using p.72p . (I3.79p . p.80p and a periodicity condition 
we deduce (PTM)) . □ 

Lemma 3.2. Let S, g, U, n, 9q, g^, ViJA), h, u^, v F , f, A, B, ip^, p and T be the same as in Proposition 
71] and let L > 0. Then 

s s 

where 



inf \ Px{h{;x'))dn''-\x)}^ \ mi Px{ai-))\dn''-\x), (3.82) 

hoeViU) I J ) J ^ aelZix') J 



Px(fT):= J J jF(^p{-si/L,x){{A-\/v)+{x)-{A-Vv)-{x)}^n{x')+L\/y{A-\/y<j}{Qx'{s)), 

T{-si/L, x) + A- \/ya{Qx'{s)), B ■ v{x), C(si, /+(.t), /"(x)) j ds' ds^ , (3.83) 

with (si,s') := s e M X M^-i, Kv^^') € C°°(R^ x M^-i,R'^) is given by 

h{y,x') := /io({2/i - V,,g(x') • y',y'},a;') , (3.84) 



n{x') a(j/) e C 



^(2/)-0 if \{y ■q^{x'))\>Ui^{x'), and a(y + 9^(2;')) - ^(j/) Vj = 2, . . . , iV , | (3.85) 
and t/ie linear transformation Qx'{s) — Qx'{si, S2, . . . , sn) ■ R^ is defined by 

N 

Q,-(s) :=^Sj9^-(x'), (3.86) 



with 



, n(x') if 7 = 1, 

q,(x') <^ ^ ^ J J ^ _ (3 37^ 

' (V,g(x') • e,) ei + i/ 2 < j < TV . 
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Proof. First of all by p. 731) . for every ho G ViU) we have 

h{y,x') = if \{y ■q^{x'))\ > ^n,ix'), and h{y + q^{x'),x') = h{y,x') Vj = 2,...,N. (3.88) 
In particular for every x' G W we have (Ta;'(-) := h(-,x') £ TZ{x'). Thus 

j^'mil MH-y))dn--\x)] > / {^^inf^,^P.(.(.))}.H--(.). (3.89) 

s s 

Therefore, we need only to prove the reverse inequality. Next observe that for every x € S we have 

inf P,((t) <P,(0) := / [ yx 
aen{x') J J L 

f(^p{-si/L,x){{A ■ Vv)+{x) - {A ■ \/v)- (x)} nix'),r{-si/L,x),B ■ v{x)X{siJ+ix)J- {x))^d^ 
= J F(^p{t,x){{A-Vv)+{x)-{A-Vv)-{x)^<E>n{x'),r{t,x),B-v{x)X{t,J-{x),f+{x))^dt<D, (3.90) 

where D G (0, +oo) is a constant, not depending on x. 
Next we prove that the function 

C(x) inf PJa) Vx G 5 (3.91) 

is Borel measurable. Indeed, consider O, the subspace of the metric space C;^j,^(IR^, M*^) (with the family of 
semi-norms {|| • \\w^-°°(k)} kccR'^)j containing all the functions a G C°°(R^,R'^), that satisfy 

^(2/)-0 if |2;i|>l/2, and aiy + e,) ^ aiy) Vj=2,...,iV. (3.92) 

Then, since the metric space Cf^^{R^ ,M.'^) is separable, the subspace O is also separable and therefore there 
exists a countable subset Or C O which is dense in the topology of (^^^^(R^, R''). On the other hand for every 
a E O and every x' eU the function ax' '■— <^{yi — ^x'9{x') ■ y',y') belongs to TZ{x') and moreover we have 

C(x)= inf Px{a) ^ mi P,{ax') = M Px{ax') . (3.93) 
i7en(x') seo seo^ 

Thus since Or is countable and since Px{<yx') is Borel measurable on 5', by p.93p we deduce that C,{x) is Borel 
measurable. Next fix any e > 0. By Lusin's Theorem there exists a compact set K C S such that {A ■ Vv)^{x), 
{A ■ \7v)~{x), f^{x), /~(a;) and C,{x) are continuous functions on K and 

'H''-\S\K)<^. (3.94) 

Here C, is the function defined by p.9ip . For any x E K there exists G TZix') such that 

^-(^-)-CW< 4 + 4^^-1(5) - 



Then set 



lz.x{y) ■■= 'fix (^yi + {Vz'g{z') - Vx'9{x')) ■ y', y'j . 



(3.96) 



Using the continuity by z of Vz'(7(z'), ({z) and Pz{lz,x) on we infer that for any x E K there exists ^a, > 
such that 

Pz{lz.,x)^a^)< ^^^^^_,^gy WzEKHBsAx). (3.97) 
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Since the set K is compact, there exists a finite number of points ii, 3:2, ■ • • , a;; G K such that K C {_] Bs^ i^j)- 
Define the function p{y, x') on y.U hy 

{lx,xAy) ^x^{xux')^{K(^Bs^Xx))\ U Bs^Xxj) l<i<l, 

p(y^x')=< " l<3<^-l ' (3.98) 

[0 \/xeS\K. 
Then from ((XMI . ([537)1 and (jXMI we get 

P:,{p{-,x'))d'H^-\x)~ [ C{x)d'H^-\x) <e. (3.99) 
s Js 

Moreover, p{y, x') satisfies 

p{y,x') = if \{y ■q^{x'))\ > ^n,{x'), and p{y + q^ix'),x') = p{y,x') = 2,...,iV, (3.100) 

and p{y, x') G (Z^, (i^, R'')) for every CC R^ and every natural k. Next define po : x U ^ R^. hy 

Poiy,x') :^p(^{yi +V^,g{x') ■y\y'],x^ , (3.101) 

Then 

Piy, x') := po ({2/1 - V.,,g{x') ■ y\ y'],x'^ , (3.102) 

and 

Po{y,x') = if \yi\ > 1/2, and po{y + e,,x') = Po{y,x') Vj = 2,...,Ar. (3.103) 

Moreover, po{y,x') e i°° (Z^, C^^XiC, M'')) for every K CC R^ and every natural k. Next let w G C;?°(R^"\R) 
be such that w > and J^n-i ^{y')dy' = 1- For any < p < 1 define 

Pp{y,x) = ^::Y -)pa{y,z')dz' ^ uj{z')po{y,x' + pz') dz' . (3.104) 

P JR"-i ^ P ^ JR«-1 

Then pp G C°°(R^ x U, R"^) and 

Pp(y,x') = if > 1/2, and Pp{y + e„x') = Pp{y,x') Vj = 2,. ..,7V. (3.105) 

Furthermore, there exists a constant M > 0, independent of p, y and a;', such that for every < p < 1 we have 

\Wlpp{y,x')\ + \VyPp{y,x')\ + |pp(y,x')| < M. (3.106) 
Moreover, for every y, for a.e. x' we have 

V^Pp(y,a;') -J> V^po(2/,a:'), Vj,pp(?/, a;') ^ VyPo(y, a;') , Pp(y, a;') -J> Po(y, a;') as p ^ 0+ . (3.107) 
Therefore, if we define 

Pp{y, x') pp({yi - V,..g(x') • y', y'}, a;') , (3.108) 

then, by ((3l06)) and ((3l07| 

lim [ P,{pp{-,x'))dn''-\x)^ [ P,{p{-,x'))dn^-\x). (3.109) 
Thus, by p.99p there exists po G (0, 1) such that 

P,{pp,{;x'))dn''-\x)- f \ inf P.,{a{-))}dH''-\x) <2e. (3.110) 
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Finally consider the sequence of compact subsets Kn CC 14, such that Kn C Kn+i and [J^^i Kn = U. For 
every n consider S,n{x') G C^(W,]R), such that £,n{x') = 1 if x' e Kn and < £,n{x') < 1 for every x' e U. For 
every n define K{y,x') := Pp^iy, x')^n{x'). Then /i„ e C°°(M^ x Z^,R''). Moreover, by H^JUd^ we have 

/i„(2;,a:') = if \yi\ > 1/2, and hn{y + ej,x') = K{y,x') Vj = 2,. ..,7V, (3.111) 
and by the definition supp/i„ C x U. Thus /i„ G ^{U). Moreover, by (I3.106p . for every n we have 



,x')| + \Vyhn{y,x')\ + |/i„(2/, a;')| < M, 



(3.112) 



and by the definition for every y and x' we have 



^lhn{y,x') -^Vlpp„{y,x') , \7yh„{y,x') -^VyPpg{y,x') , K{y,x') ^ Pp^iy^x') as n ^ +oo . (3.113) 

(3.114) 



Thus if we set 



hn{y,x') := K(^{yi - Vx'9{x') ■ y',y'],x'^ , 



then, by ([3^12]) and ([3lT3ll 



lim / F4/i„(.,a;'))rf^'^"'(^) = / P.{ppo{-,x')) dn'^^^x) 



Then, by p.llOp we obtain 



lim 

n— ^+oo 



F4/^„(-,a:'))d^^"'(x) - / inf P^{a{-))\d-H''-\x)<2e 



Therefore, since e > was chosen arbitrary and since hn G VlU) we deduce 



(3.115) 
(3.116) 

(3.117) 
□ 



Lemma 3.3. Let v, F, J , A, B, ipf,, i^ix), p and F be the same as in Theorem \3.1[ Then for every 6 > 
there exist N B or el- measurable functions Pj{x) : Javv ^ for 1 < j < N, such that Pi{x) :— i^{x), 
Pj{x) ■ fiyx) — for 2 < j < N and {Pj(a;)}i<j<Ar is linearly independent system of vectors for every x, 
and there exists a sequence {^^Jo<E<i C C°°(M^,M'') such that lim^_^o+ A-Vv^ = A- 
lim^^o+ ey{A-Vv,} = in Lp(R^, R"><^), lim^^o+ B v, = B v mW^'P{R^ ,R''), \im^^o+{B-Ve-B-v)/e = 



which together with the reverse inequality p. 891) gives the desired result. 

3.3 Construction of the approximating sequence in the general case 



^ jM'^) for every p > 1 and 



< lim f -F(eV{A-Vv,}, A- Vve, B -v,, f)dx- f ( inf if, (a(-), i) 1 



dn'^-'{x) <6, 

(3.118) 



where 
H. 



x{a,L) J jf(^p{~s,/L,x){{A ■ \7v)+{x) - {A ■ Vv)-{x)} i^(x) + LVy{A ■ Vj,a}(T,(s)), 

In 

r{-si/L,x) + A-\/ya{Tx{s)), B -vix), ({si, f+ {x), f- {x))] ds , (3.119) 



Q{x) := Vi{A,v{x),P2{x),p^{x), . . ■,PNix)) := 

n Lip{R^ ,R'^) : A-Vcr(y)=0 if \y ■ v'{x)\ > 1/2 

and a{y + p^{x)) ^<j{y) Vj = 2, 3, . . . , iV j , (3.120) 



a G C°°(R^,R'')nL° 
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|s G : -1/2 < sj < 1/2 Vj = 1, 2, . . . , A^j , (3.121) 
and the linear transformation Tx{s) = Tx{si,S2, • • • , sjv) : — >■ «s defined by 

N 

T,{s):=J2sjPj{x), (3.122) 

Moreover, A ■ Vv^, eV{A • Vv^}, B ■ and V{B ■ v^} are bounded in L°° sequences, there exists a compact 
K = Ks CC ft such that Vs{x) = il>e{x) for every < e < 1 and every x G M.^ \ K, and 



lim sup 



<+oo, (3.123) 



^(^j A- Vvs{x) dx- J {A- Vv}{x) dx 
Proof. First of all observe that 

j F(^{t,x)[{A-Vv)+{x) - {A-Vv)-{x)] ®u{x), T{t,x), B-v{x), C{t, f' {x), f+{x))^ dt<Do, (3.124) 

where Dq S (0, +oo) is a constant, not depending on x. 

Next since the set il n Ja vv is a countably 'H^~^-rectifiable Borcl set, oriented by i>'(x), 51 n Ja vu is 
cr-finite with respect to T-L^~^, there exist countably many hypersurfaccs {Sk]k^^i such that T-L^~^{^ fl 

Ja wv \ U 'S'fe ) = 0, and for 'H''^" ^-almost every x G 17 n Ja vv H Sk, I'ix) = nk{x) where nk{x) is a normal to 

k=l ' _ 

Sk at the point x. We also may assume that for every fc G N we have 7i^^^(Sk) < +oo, Sk CC and there 
exists a relabeling of the axes x := Zk{x) such that for some function gk{x') G Ci(M^-\R) and a bounded 
open set Vk C we have 

Sk = {x : Zk{x) = x= {xi,x'), x! G Vfe, x\ = gk{x')} . (3.125) 

Moreover n',.{x) := Zk(nk{x)) = (1, —Vx'gk{x'))/-\/l + l^x'Qkix')}^- Next clearly there exists /cq G N such that 



J F(^p{t, x)[{A- Wv)+{x) - {A ■ Wv)-{x)] ® i^{x), T{t, x), B ■ v{x), C{t, f-{x), /+(a;))) I dU'^-^x) < ^ . 

(3.126) 

Next for every k = 1,2, . . .ko there exists an open set Uk C R^~^ such that if for every k = 1, . . . /cq we set 

S'k := {xGSk-. Zk{x) =x = {xux'), x' G Uk, Si = gk{x')} , (3.127) 
then Lk CC Vk, S^cSkX ^11^) and 

^^-1 (^{ u^ti Sj} \ { U^ti S'j}^ < ^ . (3.128) 

In particular we have 5^. n 5^ = if j 7^ fc. 

Next for every j = 1, 2 ... A/', for every k = 1,2, . . .ko and every x G S'k set 

/,(.):= |"'^(") = ^'^("'^(")) = , (3.129) 

[{yx9k{x')-ej)ei+ej if 2<j<N. 

where x := Zk{x) (the corresponding to k relabeling of the axes) and {ei, 62, . . . , ejv} is a standard orthonormal 
base in K^. Then there exist N Borel- measurable functions pAx) : Ja-Vv for 1 < j < N, such that 
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Pi{x) :— v{x), Pj{x) ■ ^{x) — for 2 < j < N, {pj{x)}i<j<]s[ is linearly independent system of vectors for every 
X and the following identity is satisfied 

ilAx) = Zk(v(x)) if j = 1 

Z,{p^ix))^\ ^--^ WxeSl Vfc = l,2,...fco, (3.130) 

[^Jl + \y^'9k{x')\ ■ lj{x) if J =2,3... TV 

where again x := Zk{x). We let Pj{x) and i>'(a;) Pi{x) be defined by (|3.130p also for x g U^^L^S*^ \ Ja-Vv 
Next let 

Qo{x) ■.^Vo{A,u{x),p^{x),p,{x),...,Pr,{x)) :={<7eC°°(M^,M'^) : a{y) ^ if |y ■ iv| > 1/2 

and a{y + p^ix)) =a{y) = 2, 3, . . . , 7v} , (3.131) 

Q{x) be defined as in p.l20p . r^(s) be as in p.l22p and H^{a, L) be as in (I3.119p . 

Observe that by the definition of ct £ Q{x) and by the properties of function p, for every L < 1/2, we have 

H.A'J,L):= J J ^F(^p{~si/L,x){{A-Vv)+{x)-{A-\/v)-{x)}®i^{x)+LVy{A-Vya}{T,{s)), 

^1 

T{~si/L,x) + A-Vy<j{T,{s)),B-v{x), C{siJ+{x)J-{x))'^ds'dsi, (3.132) 
with (si, s') := s £ M X M^"\ On the other hand for every a e Q(a;) 
inf H^ia, L) < H,{0, L) := [ [ yX 



tN-1 



f(^p{-si/L,x){{A ■ \/v)+{x) - {A ■ \7v)-{x)} ® u{x), r{-si/L,x), B ■ v{x), C(si, /+(x), /"(a;))^ ds'dsi 
p{t,x){{A ■ Vv)+{x) - {A ■ Vv)-{x)} <E> u{x), T{t,x), B ■ v{x), ({t, r{x), f+{x))^ dt < Do, 



(3.133) 

where Dq G (0, +oo) is a constant from p.l24p . which doesn't depend on x and L. On the other hand by 
Lemma [121 for every fc = 1, 2, . . . fcg and for every x G S'[. we deduce that 

inf I inf H,{a,L)\= lim J inf hJ a , Wl + \V.^,gk{x')\A L (3-134) 

where x := Zk{x). Therefore, by p.l34p . p.l33p and the Dominated Convergence Theorem, we obtain 

/ inf I inf Hja,L)\dn^-\x) = 

inf H., (a , Wl + \Vs,gkix')\A \ dH^-\x) , (3.135) 



lim 

L~¥0+ J I o-eQo 



and thus there exists Lq > 0, such that Lq^/I + |Vs'.gfe(x')p < 1 and 



J I ^^inf^^^ (^C7 , Lov/l + |Vs'5fe(S')P) \ dn^'\x) 

■■0 Ql 

-I inf I inf HJ(7,L)\ dn^-^ix) <y. (3.136) 
J Le(o,i) UeQ(x) ' ^/ ^ ^ 8' ^ ' 



31 



On the other hand, changing the first variable of integration in (|3.132p . for every x G U^.^^-^S'^ we obtain 

inf hJo, L^\ + \V!,,gk{x')A = inf P^^kii^L), (3.137) 
where Px^k{o',L) is defined by 

P,,fe(a,L):= J J jF(^p{-si/L,x)[{A-Vv)+{x)-{A-Vv)-{x)}®i^{x)+L\/y{A-Vya}{Q^,k{s)), 

^1 

r{-si/L, x) + A- V^a(g,,fe(s)), B ■ v(x), C{si, f+ (x), T (x))'^ ds'dsi , (3.138) 
with (si, s') := s G R X R^^-' and the linear transformation Qx.k{s) — Qx,k{si, S2, ■ ■ ■ , sn) ■ R^ — > R^, defined 

by 

and 

1 



T{x) := <; CT G C°°(R", R'*) : a{y) =0 if ly • > 



2Vl + |Vs'gfe(x')| 
v/l + |Vs,5fe(S')P 



and a( y + _=:^£l=_ ) = a(y) Vj = 2, 3, . . . .iV ^ . (3.140) 



Therefore, by p.l37p and by Lemma l3^ we have 
V inf (/ P,,fe(Afe(-,x),Lo)rf-W^-i(.T)l = 



J J ^^inf^^^ Hx (^a , Lo ^1 + iV.'.^l^Op) \ 



dn'^-^x), (3.141) 



where P(W) is a set of all functions hQ{y,x') G C°°(R^ x R^-\R''), satisfying 

ho{y,x')=0 if lyi|>l/2, and ho{y + e,,x') = ho{y,x') Vj=2,...,7V, (3.142) 

and 



supp/io(y,a;') C R^ xZ^; (3.143) 
and Afe(y,x) G C°°(R^ x R^-^R'^) is given by 

Xkiy,x) ft.o({2;i - ^x'9k{x) ■ y',y'},x^ , (3.144) 

where again x :— Zk{x) and y — Zk{y) (here Zk is the appropriate relabeling). Thus for every k = 1, 2, . . . fco 
there exists hk G ViJUk) such that 



P,,fe(Afe(-,a:),Lo)dH^"'(2;) - 



\ inf Hx (a , io Vl + \'^5.'gkix')\A \ dH^'-^x) < ^ 

creQo(2:) V /J O 



(3.145) 

where 

Xk{y, x) := hk({yi - \7x'9kix') ■ y' , y'],x'^ . (3.146) 
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Plugging p.l45p into (I3.136P we deduce 

P,,fc(Afc(-,a:),Lo)dH^"'(-^)- 



inf 



( inf H,{<J,L)] 



inf H^{a,L)}dn^-\x) <^ 



(3.147) 



Next consider a radial function 9o{z') = k{\ z'\) e Cf^(R^-i,M) such that suppe'o CC Bi{0), Oq > and 
/rn-1 Oo{z')dz' = 1. Then for any e > define the function guA^') '■ R^""^ ^ M by 



9kAx'):=^l ejy—^)gk{y')dy' ^ [ eo{z')gk{x' + ez') dz' , Vx' £ 



Next set 



then 4^"^ e C°°(R^ x M^-i,R'') satisfy 



^0 



4^")(y,x')-0 if lyil > l/(2Lo), and h^^^'^y + {l/Lo)e„x') ^ h^^">iy,x') Vj = 2,...,7V, 



,(io) 



(Lo), 



and 



supp/if''^(y,x') C xUk 
For any e > define the function -fk,e{x) e C°°(R^,M'^) by 



(Ln) ( ( Xi -JkA^ ^\ -I 
£ £ / 



(3.148) 
(3.149) 

(3.150) 
(3.151) 

(3.152) 



where, as before, x := Zk{x). Next clearly for every fc = 1, 2 . . . , fco there exists an open set Gk CC 51 such that 
for every k, S'[, CC Gk and Gj fl Gfc = if j ^ fc. Thus there exists Eq G (0, 1) such that if < £ < £o then 
suppft.^.^"-' CC Gfc. Therefore, for < £ < £o we can define 7^(2;) e C°°(R^,R'') by 



'-fk,E{x) if a; G Gfe Vfc = 1, 2, . . . fco , 
otherwise. 



(3.153) 



Then we can set 

v^{x) := ^^{x) + 7e(a;) Va; G R^ . (3.154) 

Thus, as before in the conditions of Proposition 13.11 lini£^o+ ^ • = A ■ Vu in L''(R^, M™), lim£^o+ £V{A • 
VuJ = Oin LP(R^,R™><^), lim^^o+ B v, = B-v inW^'P{R^ ,M.''), \im^^o+{B-v,-B-v)/e = in iP(M^,M'=) 
for every p > I and moreover, A ■ Vu^, e\7{A ■ Vwe}, S • and V{B • w^} are bounded in L°° sequences, there 
exists a compact A' CC 57 such that Ve{x) — ■06 (a^) for every < £ < 1 and every x G M.^ \ K and we have 
(I3T231) . 

Next clearly, for < £ < £0 we have 



dx 



[ -F{eV{A ■ V(^, + 7fe,e)}, A • V(Ve + 7fe,s), B • (V-. + 7fe..), /) dx 

- y" ^F(^eV{A ■ We}, A ■ V^e, B • Ve, /) da; I . (3.155) 
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On the other hand, by Proposition 13. 1[ for every k = 1,2 . . . ,ko 

^lim I J ^F(eV{A ■ V(V'e + lk,e)}, A ■ V(V'e + 7fe,s), -B • (V-e + 7fe,e), /) dx 

- J ^F{e\7{A ■ Vi^J, A • B ■ v„ dx \ ^ J P,,fc(Afe(-, a;)) dn^-\x) - J P^,k{0) dH^-\x) . 

(3.156) 

Plugging p.l56p into p.lSSp we obtain 

^Hm i J ^F(^eV{A ■ Vv,}, A ■ Vv^, B ■ v„ f) dx - j -^F[eV{A ■ V^J, A ■ V^,, B ■ v„ dx \ ^ 

J P^,k{Xk{;x),Lo)dn''-'{x)- J P,^k{O.Lo)dn''-'{x). (3.157) 

On the other hand by Theorem 13. 11 p.l33p and p.l38p we have 



Imil J ^F(^eV{A ■ V^/j,}, A ■ V^e, B ■ v^, f) dx\ = J P^^k{0, Lq) dH^-\x) . (3.158) 

^ O On T » „ 



Thus combining p.l58p and p.l57p together with p.l33p . p.l38p and the fact that Px,kiO,L) = if x ^ 
Q, n Ja vv, we obtain 



hm I J ^F(eV{A ■ VwJ, A ■ Vv., B ■ v,, rfxj 



j Pcc,k{Xk{;x),Lo)dn''-'{x)+ J P,^k{0,Lo)dn''-\x) 



P,^k{h{;x),Lo)dn^-\x) + 



,^0 



nnJA.vA'-Jk'LiS'k 



F 



'(^p{t,x)[iA ■ Vv)+ix) - (A ■ Vz;)-(:r)} u{x), Tit,x), B ■ vix), C(i, /"(a:), f+{x))^ dt I dU^'-^x) . 

(3.159) 

Therefore, by p.l26l) . p.l47p and p.l59p we obtain 



hm 

E^0 + 



J ( -F(eV{A-\Iv,},A-\Iv,,B-v„f\dx\ <'^+ f inf j inf H^{a, L)\dn'^-'^ {x) + 
! ,1 j F(p{t,x)[{A-Vv)+{x)-{A-Vv)-{x)]®u{x),T{t,x),B-v{x)X{t:r{x)J+{x))\ 



dW^-\x). (3.160) 
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Finally plugging (|XT^ and (jXT^ into (jXTOT]) we infer 
^Um I J ^f(^sV{A ■ V«J, A ■ Vve, B ■ v„ /) dxj < 

/ inf ( inf H,{<j,L)\dn''-\x) + ^< f ( inf H^^ia, L)\ dH^'-^x) + ^ , (3.161) 
J Le(o,i) UeQ(x) J ' ' 2 y i <Tes(a;),Le(o,i) J ' ' 2 ' 

I i'=o c" nnJA Vv 

^k = l'^k 

where the last inequality we infer since if a; ^ H Ja vv then again by (I3.133P we have 

0< inf H^{a,L) < H^{0,L) ^0. 
<y£Q{x) 

This completes the proof. □ 

Theorem 3.2. Let <Z MJ^ he an open set. Furthermore, let A E /:(R''^^; K"), B G £(«''; M'') and let 
F e Ci(R"^^ X K" X R'= X Ri,R), satisfying F > 0. Let f e BViocCM.^ n L°° and v e I?'(R^,R'') 
be such that A-Vv e W(R^,M™) n L°°(R^,M™) and B ■ v e Lip(M^,R'=) n l^i'i(R^, R'=) n L°°(R^, K'^), 
\\D{A-\/v)\\{dn) = andF{0,{A-Vv}{x),{B-v}{x)J{x)) = a.e. mVl. Moreover, assume that for ''^ - 
X G Ja-Vv n there exists a distribution 7x(-) G E''(R'^,R'^) such that 



a.e. 



(A-Vv)+(x) if z-uix) > 0, 
{A • V7.}(z) - <^ ^ ' ' ' ^ '- ' (3.162) 

y{A-\7v)-{x) if z-v{x) < 

(with i'{x) denoting the orientation vector of Ja-Vv)- Finally we assume that for H^^^ -a.e. x G Ja vv H 
for every system {ki{x), k2{x), . . . kN{x)} of linearly independent vectors in R^ satisfying ki{x) — i^ix) and 
kj{x) ■ v>{x) = for j > 2, and for every ^{z) G Wx{ki, fc2, • ■ • fc^v) there exists (^{z) G yV^{ki,k2, . ■ .k^) such 
that A ■ V^(z) = A ■ VC,{z), where 



Wx{ki{x),k2{x),...kN(x)) := |w G C°°{W^,R'^) : A-Vu{y)=0 if \y ■ i^ix)\ > 1/2, 

and A-\7u{y + kj{x)) = A-Vu{y) Vj = 2, 3, . . . , ivj , (3.163) 

and 

W',{k,{x),k2{x),...kNix)) := 

|uGC°°(R^,R'')nL°°(R^,R'')nLip(R^,R'') : A ■ Vu(y) = if \y ■ i^{x)\ > 1/2 

and u{y + kj{x)) ^ u{y) Vj = 2, 3, . . . , ivj . (3.164) 

Then, for rj G Vq, for every 6 > there exist a sequence {we}o<e<i C C°°(R^,R'^) such that limg_>Q+ A ■ Vw^ — 
A-Vv in LP(R^,R'"), lim^^o+ • \7v,} = in LP(R^, R™^^), lim^^o+ B ■ = B ■ v in W^'P{R^ ,R''), 

lim5^o+ {B -v^ - B ■v)/e ^ in LP{R^, R'') for every p > 1 and 

< lim / -f( £V{A • VwJ, A ■ \/v,, B ■ v,, f) dx 
e^O J e \ I 
n 

Ex{a{-),L)^^dn^-\x) <S, (3.165) 



inf inf 

L>0 \ (jeWo(i,fci,...,fc]v) 



where 



Ex{a{-),L) := J ^f(^L\7{A ■ V<7}{S4s)) , {A ■ V<j}{S4s)) , B ■ v{x), C{siJ+ {x), f- {x))^ ds , (3.166) 

In 
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C(s,a,6) 



a if s > , 
b if s <0, 



(3.167) 



yVo{x,ki{x),k2{x),...kN{x)) := 

jii e 2?'(R^,R'') :A-\7ue C\R^,«"'), A-\7u{y) = (A - Vu)-(x) if y ■ u{x) < -1/2, 

A-Vu{y) = (A- Vw)+(a;) ?/ • > 1/2 anrf A • Vm(?/ + A;j(x)) = A • Vm(?/) Vj = 2, 3, . . . , ivj , 

(3.168) 

In {s 6 : -1/2 < Sj < 1/2 Vj = 1, 2, . . . , A^} , (3.169) 
{ki{x), k2{x), . . . kN{x)} is an arbitrary system of linearly independent vectors in satisfying ki{x) = ^'(x) 



and kj{x) ■ ^{x) = for j > 2, the linear transformation Sx{s) = Sx{si, S2, ■ • ■ , s^r) 

N 

Sx{s) :=^Sjfej(a;), 



P -> R^ is de/?ned by 
(3.170) 



and we assume that the orientation of Jf coincides with the orientation of Ja vv T~i a.e. on J f H Ja- 
Moreover, A • Vwg, eV{A • Vv^}, B ■ Vg and V{B ■ v^} are bounded in L°° sequences, there exists a compact 
K — Ks <ZG ft such that Vs{x) = ipe{x) for every < £ < 1 and every x G R^ \ K , where 



i^eix) := -^(7?(^-^),w(2/)), 



and 



lim sup 



< +0O , 



i ^ ^ A • Vue(x) dx- J {A- Vv}{x) dx^ 
Proof. Let rj and ip^ be the same as in Theorem 13.11 and 

T{t,x):^(^J p{s,x)ds^{A-Vvy{x) + (^J^ p{s,x)ds ] {A ■ '^v}+ (x) , 
where p{t, x) is defined by 



p{t,x) 



i^{tu{x)+y) dH''-\y) 



(3.171) 
(3.172) 

(3.173) 
(3.174) 



Then, by Lemma [3731 and Lemma [2?l] for every S > there exist N Borel-measurable functions Pj{x) : Ja vv 
R^ for 1 < J < A^, such that Pi{x) := i>'(x), Pj{x) ■ i'(x) = for 2 < j < iV and {Pj{x)}i<j<N is hnearly 
independent system of vectors for every x, and there exists a sequence {'ye}o<e<i C C°°(R^,R'') such that 
lim^^o+ A • Vi^e = A • Vz; in Lp{R^, R™), hm^^o+ eV{A ■ Vv,} = in Lp(R^, R"><^), hm^^o+ B v, ^ B v 
in VFi'P(R^,R'=), hm^^o+(-B ■ v, - B ■ v)/e ^ in LP(R^,R'=) for every p > 1 and 



0<lim [ -F(eV{A-VvA, A-Vv,, B -v,, f)dx- [ I inf H^(ct(-),L)1 

e^oj e \ J J [<J£Qix),L€{0,l) ^ '] 



dW^-\x) <S, 
(3.175) 



where 
H 



x{<J,L) := J jf(^p{~si/L, x){{A ■ \/v)+{x) - (A • \7v)-{x)} ^ iy{x) + LV{A • Va}(T,(s)), 

In 

T{-si/L,x) + A-\/<j{Tx{s)),B-v{x), ((^i, /+(x), /"(x))^ ds , (3.176) 
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Q(x) := Vi{A,v{x),P2{x),pri{x), . . ■,Pn{x)) ■= 

cr G C°°(M^,M'') nL°°(R^,M'^) nLip(R^,R'*) : A • Vcr(y) = if \yu{x)\>l/2 

and a{y + p^{x))^a{y) Vj = 2, 3, . . . , ivj , (3.177) 

and the linear transformation Tx{s) = Tx{si, S2, ■ ■ ■ , sn) ■ R^ — > R^ is defined by 

AT 

r.(s):=^s,p,(x), (3.178) 
j=i 

Moreover, A ■ Vue, e\7{A ■ Vue}, B ■ Ve and V{B • Ve} are bounded in L°° sequences, there exists a compact 
K Cd^ such that We(x) — ipeix) for every < e < 1 and every x G R^ \ K and we have p. 1721) . 
So we only need to prove that 



E,{a{-),L)]dn^-\x) ^ / I inf H^{a{-),L)\dH^-\x), 
J „ y I CTeQ(2:),Le(o,i) J 

(3.179) 



inf inf 



for any choice of the system {fci(a;), k2{x), . . . kisi{x)} of linearly independent vectors in R^ satisfying ki{x) = 
fix) and kj(x) ■v{x) = for j > 2. By Proposition l2 . 1 1 we have that the left hand side of p.l79p is independent 
on the choice of the system {ki{x), ^2(2;), . . . kN{x)}. Therefore, from now we may assume that kj{x) — Pj{x) 
for every x and j. Thus in particular Sx = and Q{x) — W^(fci, ^2, . . . fcjv). On the other hand, for 
H^^^-a.e. x G Ja vv n we have £^{z) G Wx(fei, ^2, • ■ • few) there exists C,{z) G W4(fci, fe2, • ■ • k^) such that 
A ■ V^(z) = A ■ VC,{z), and therefore we have 

/ inf Hx(a(-),L)dn^-\x) = / inf ( inf Hx(a(-), L)]dn'^-\x). 

(3.180) 

Next for T^^^^-a.e. x e fl n Ja vv there exists a distribution 7:r(-) £ r''(R^,R'') such that we have p. 1621) . 
For any e > and any fixed z G R^ set 

7.(^) := (?7(2/-z),7,(y)) (3.181) 
(see notations and definitions in the beginning of the paper). Then %{z) G C°°(R^,R'^). Moreover clearly 

A-{VrAz)}^ f 7j{y~z)-{A-V^x}iy)dy^ f v{y) ■ {A ■ V^^jiz + y) dy. (3.182) 
Plugging it into p.l62p we deduce 

A-{\7%{z)}^r{-z-i^{x),x) . (3.183) 
Thus for every L G (0, 1), the function Jx,l{z) := L^x{z/L) belongs to Wo(^' ^i{x)ik2{x), . . . k]\[{x)) where 

yVo(x, fci(x),fe2(a;),...fcjv(a;)) 

|u G C°^(R^,R'') : A-\/u{y) {A-\/v)-{x) if y • i^(x) < -1/2, 

A ■ Vu(y) = (A • Vu)"(x) if y ■ iy{x) > 1/2 and A ■ Vu{y + kj{x)) = A ■ Vu{y) \/j > 2^ . (3.184) 



37 



Moreover, A ■ {V^^,l}{TAs)) = r( - si/L, x) and V(A • (T,(s)) = p{-si/ L, x){{A ■ Vv)+{x) - {A ■ 

\/v)^{x)} (g) v{x). Thus 



inf I inf ) J>dH^"^(x) 

Le(0,l) \'^6Wx(fci,fc2,...fc]v) 



and plugging it into (I3.180p we obtain 



inf H,{a{-),L)'>dn''-'ix) 



nn.JA.vv 



inf inf E4a{-),L) 



dH^-\x), (3.185) 



inf 

L6(oa) 



nnJAVi. 

Finally, using p.l86p and applying Lemma we obtain p.l79p . 

By the same method we can prove the following more general result. 

Theorem 3.3. Let f7 C 6e an open set. Furthermore, let A Cz C{] 
Fee 



( inf E4ai-),L))\dn''-\x), (3.186) 



pdxN . llpm^ 



, B G £(] 



pd. m>k\ 



□ 



and Zef 



1 /'TIJWIX-'V" V TDi™xW'* ^' 



X . . . X R™^^ X R" X R*-' X M^R), satisfying F>0. Let f e By/oc(K^, K') n L°° 
aradw e D'(R^,R"') be such that A-Vv e Sy(R^, R")nL°°(M^, R™) andB-v e Lip(R^, R'=)nM^i'i(R^, R'=)n 
L°°(R^,R'=), ||D(A- Vu)||(5rj) =0 and 

f(o, 0, . . . , 0, {A • Vv}{x), {B ■ v}{x), f{x)^ =0 a.e. inn. 
Moreover, assume that for FL^^^-a.e. x E fin Jawv there exists a distribution ^x{) G P'(R^,R'') such that 

{A-Vv)+{x) if z-u{x)>Q, 



{A- V7.}(z) = 



{A ■ Vv)-{x) if z ■ v{x) < 



(3.187) 



(with v{x) denoting the orientation vector of Ja-Vv)- Finally we assume that for H^^^ -a.e. a: G fi H Ja vv 
for every system {ki{x), k2{x), . . . kj^lx)} of linearly independent vectors in R^ satisfying ki{x) = I'ix) and 
kj{x) ■ i/{x) = for j > 2, and for every ^{z) G W(a;,,i)(fci, ^2, ■ • • k^) there exists ({z) G W^'^ „)(fci; f^2, - ■ ■ few) 
such that A ■ V^(z) = A ■ VC(z), where 

W(,,„)(fci(x),fc2(x),...fcw(x)) := |ugC°°(R^,R'*) : A-Vu{y) = if \y ■ u{x)\>l/2, 

and A-\/u{y^k,j{x)) = A-Vu{y) Vj = 2, 3, . . . , ivj , (3.188) 

and 



W(',_„)(fci(x),fc2(x),...fcAr(x)) : = 

|u G C°°(R^,R'*) nL°°(R^,R'') 
A-Vu{y)^Q if \y-u{x)\>l/2 and u{y + kj{x)) ^ u{y) Vj = 2, 3, . . . , ivj . (3.189) 



V^ueL°°{R'^,R'^''^')forj<n, 



Then, for rj G Vo, for every 5 > there exist a sequence {ve}ti<e<i C C° 



pN nd 



) such that lim£^o+ ^ ' = 



A-Vw m LP(R^,R™), lime^o+ e^ V^{A-Vwe} = ir, 



) for every j ^l,2,...n, lim£^o+ B = 
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B-v in Wi'P(R^,R'^), \iTJi^^o+ {B ■ Ve - B-v)/e = in LP(M^,M'=) for every p > 1 and 

< lim jF(^e"'V"-{A ■ Vv,}, s^'-'^V"-'^ {A ■ Vv^}, eV{A ■ Vv^}, A ■ Vve, B ■ v^, dx 
n 

- [ \m( inf E^^4cT{-),L))\dn''-\x)<5, (3.190) 

Sin 

where 

E,,ni<7{-),L) := J i^^(^L"V"{A.Va}(5,(s)),L"-iV"-i{^-Va}(5,(s)),..., 

In 

LV{A • Va}{S4s)), {A ■ Va}(S,(s)), B ■ v^x), C(si, /"(x))) ds , (3.191) 



C{s,a,b):={ (3.192) 
[6 «/s<0, 

W^")(a;,fei(.T),fc2(x),...fcjv(x)) := 

|u e I?'(R^,R'') : A- Vw e C"(IR^,IR'"), A • Vw(y) = (A • Vt;)-(a;) i/ y • i^(a;) < -1/2, 

A ■ Vu{y) = {A ■ Vv)+{x) if y ■ u{x) > 1/2 and A ■ Wu{y + kj{x)) = A ■ Wu{y) Vj = 2, 3, . . . , A/'j , 

(3.193) 

In := {sGR^ : -1/2 < Sj < 1/2 Vj = 1, 2, . . . , A^} , (3.194) 

{fei(a;), k2{x), . . . fejv(a;)} is an arbitrary system of linearly independent vectors in satisfying ki{x) = i/{x) 
and kj{x) ■ ^{x) = for j > 2, the linear transformation Sx{s) = 5x(si, S2, • • • , sjv) : — >■ is defined by 

N 

S,{s):=Y,Sjkj{x), (3.195) 
i=i 

and we assume that the orientation of Jf coincides with the orientation of Ja-Vv T-L^~^ a.e. on Jf fl Ja-Vv 
Moreover, A ■ Vv^, £V{A • Wve}, e^V^{A • Vve}, ■ . ., £"V"{A • Wve}, B ■ Ve and V{B ■ Ve} are bounded in 
L°° sequences, there exists a compact K = Ks CC SI such that Vs{x) = il>e{x) for every < e < 1 and every 
xgR'^XK, where 

^,{x):=^{n[y^),v{y)), (3.196) 

and 

^(^J A- Vvs{x) dx- J {A- Wv}{x) dx^ 



lim sup 



<+cxD, (3.197) 



4 The applications 

Theorem 4.1. Let fl C be an open set. Furthermore, let 

satisfying F > 0. Let f G SVioc(M^,M«) nL°°, v G Lip(M^,R*=) nL^nL°°,fhG BV{R'^ n L°° and 
ipGBV{M^,W^)nL°° be such that Vv G BV{R^ ,m.''''^), \\D(Vv)\\{dn) = 0, \\Dfh\\{dn)=0, \\D<p\\{dn) = 0, 
divxfh{x) = a.e. in and F(0,0,0,Vv{x),rh{x),(fi{x),v{x), f{x)) = a.e. in Cl. Then, for t] G Vo, for 
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every 5 > there exist sequences {ve}o<s<i C C°°(R^,R'^), {TOjo«r<i C C°°(IR^,IR''^^) and {V'£}o<£<i C 
C°°(M^,M™) such that div^me{x) = in , f^^e{x)dx = J^ip{x)dx, lim^^o+ = v in W^'P{R^ ,R''), 
]im^^o+{ve - v)/e = in Lp{R^,R''), \im^^o+ rUe = fh in L^CR^ ,R'^''^), \im.^^Q+ iP, = ip in Lp{R^,R"'), 
\im,^„^ eV^v, = in Lp(]R^, lim,^o+ s:Vme = in M'^x^x^), lime^o+ eVV-e = in 

pN^^mxN^ /or every p > 1 and 



< lim J ^F^eV'^Ve{x), sWrUeix), eVipeix), Wve{x), me{x), i^eix), Ve{x), f{x)j dx 
n 

J ( inf|^,(a(-),^(-),7(-),^) : L>0, 

an(Jv«uj^uj^) ^ 

a e W^o'\x, fci, . . . , kN), 9 G W^^\x, fei, . . . , fejv), 7 € W^^\x, fci, . . . , fejv)| j d'H^'-^x) < 6 , (4.1) 

where 

E4a{-),0{-),j{-),L) := j ^F(^L^^a{y), LW{y), LV-f{y), Va(y), 0{y), 7(2/), v{x), f+{x)j dy 

T+ 

ki,...,k^ 

+ j jF(^LV^a{y),LVe{y),LV'y{y),V(T{y),e{y),'y{y),v{x), f-{x)jdy, (4.2) 



W^^\x,ki{x),k2{x),...kN{x)) := |weC2(M^,M*=) : Vu{y) = {Vv)- {x) if yu{x)<-l/2, 

Vw(y) = (Vu)+(x) if y ■ i>{x) > 1/2 and Vu{y + kj{x)) = Vu{y) Vj = 2,3, , (4.3) 

W^^\x,ki{x),k2{x),...kN{x)) := 

|C G Ci(R^,R''>^^) : dw^e(2/) = 0, ^{y) = m-{x) if y ■ i^{x) < -1/2, 

^{y) = fh+{x) ifyu{x)>ll2 anrf ^(y + fc,(x)) = C(y) Vj = 2, 3, . . . , ivj , (4.4) 

W^^\x,k^{x),k2{x),...kN{x)) := |cgC1(R^,R'"): Q{y) = ^-{x) if y ■ u{x) < -1/2, 

Ciy) = ^+{x) if y ■ u{x) > 1/2 and C{y + kj{x)) = ({y) Vj = 2, 3, . . . , ivj , (4.5) 

|y e : -1/2 < y • fci < 0, \yk,\<l/2 Vj - 2, 3, . . . , ivj , 

:={2/eR^: 0<yfei<l/2, |yfe,|<l/2 Vj = 2,3,...,7V}, 

{fci(x), fc2(a;), . . . feAr(.T)} is an orfhonormal base in R^ , satisfying ki{x) = v{x), and we assume that the 
orientations of J\jy, Jm, Jip o,nd Jf coincides T-L^~^ a.e. and given by the vector ^{x). Moreover, Vug, sV^Wg, 
Ve, rUe, eVrrie, ^£ and eVipe (ifc bounded in L°° sequences, and there exists a compact K = Kg GC fl such that 
Vs{x) = vi^\x), me{x) = mi^\x) and ipdx) = '4}f'\x) for every < £ < 1 and every x G R^ \ K, where 

vf\x) = ^( r,(y^)v{y)dy, mf){x) = ^( Jy^)fh{y)dy, 

4°\x) = ^f Jy—^)^iy)dy. 
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Proof. Define the Borel sets: 

ICj := e 17 n {Jvv U J™ U J^) : v{x) ■ =^ o| = 1, 2, . . . iV , (4.7) 

■H"-i({a;e/Cj : i/(a;)-fe = 0}) >o| Vj = 1, 2, . . . iV , (4.8) 

^:=|feGM^: H^"^ ({x G 17 n ( Jv„ U J™ U J^) : i/(a;) ■ fc = O}) > o| , (4.9) 

where {ci, 62, ... , ejv} is the standard orthonormal base in M^. We wih prove now that 

C^{A)^0. (4.10) 
Indeed, since fl ( Jv« U U J^) = UjLi '^fi have ^ = U^Li -^j- Therefore it is sufficient to prove 

C^{Aj)^0 Vj = 1,2,...7V. (4.11) 
Without any loss of generality we can prove it only in the particular case j = 1. Then 



where fc = (fci, fc') £ R x M^-i = and v{x) = (i/i(x), z/'(x)) G M x R^-^ = R^. On the other hand set 
B{k') jfci G R : H^-^ G : h = -'^^i^tK^^ > o| Vfc' G R^-^ . 

Thus since 

X £ K.1 : a — — — >n<xG/Ci; 0= -^^ — f ^ " o- ^ b , 



and since the set /Ci is Ti^^^ a-finite we obtain that for every k' G R^^^ the set B{k') is at most countable. 
Therefore, for every k' G R^^^ we have C^{B{k')) = and thus 

C^{Ai)^ f C\B{k'))dk' ^0, 

So we proved (j4.1ip . which implies (I4.10p . 

In particular, by (|4.10p we deduce that S^^^ \ ^ 7^ 0. So there exists rp G S^^^ \ A and we have 



i({a;Gl7n(Jv„UJ™UJ^): iv(a;) • ro = O}) =0. (4.12) 



Without loss of generality we may assume that ro = ei := (1, 0, 0, ... , 0). Therefore from this point we assume 
that 

n^-^ ({a; G 17 n ( Jvi, UJrnU Jy) : uix) • d = O}) = , (4.13) 
i.e. Pi{x) ^ for H^^^-a.e. .t G 17 n {Jw U J™ U J^). Next define $ : R^ R" and Af : R^ ^ m^xIA^-i) by 



$(x) := / V3(s,a;')ds, and M(x) := / m'(s,x')rfs Vx = (xi, x') := (a;i, X2, . . . xw) G R^ , (4.14) 
J —oc <y —00 

where we denote by ■mi{x) : R^ — !> R'' and m'{x) : R^ ^> ]giix(^-i) the first column and the rest of the matrix 
valued function fh{x) : R^ R''^^, so that {mi{x),m' {x)) := ffi{x) : R^ R''^^. Then, since diva^m = 0, 
by (|4.14p we obtain 

^^(x) — ip(x) , ^^(x) — m'(x) , and — div^' M (x) = mi(x) for a.e. x — (xi,x') . (4.15) 

0x1 0x1 



41 



Next for every x & flD J^y U Jm^ Jcp define 

\(p+{x) if z-u{x)>0, \m+{x) if z ■ u{x) > , 

Qx{z) := < _ Px[z) := < _ _ 

I Lp {x) if z ■ i>{x) < I TO (a;) if z ■ i>{x) < 

f (Vw)+(x) if z ■ u(x) > 0, 
[{Vv)-{x) if z-v'{x)<0. 

Since divxm = and curl{Vv) = 0, clearly for "H^^^-a.e. x S n [J^v U Jm U J^) we have diVzP{z) = 
and curlzHx{z) = 0. In particular, clearly exists a function 72;(2;) : — K*^ such that V272:(z) = Hx{z). 
Moreover, since i^i(x) ^ for 7^^^^-a.e. a; £ n {J^v ^ Jm ^ J^p), then if i^i{x) > we define 

Rx{z):^ [ [Q.j,{s,z')-ip-{x)\dsimdDx{z) := ( {p'^{s, z') - {m- {x)]'\ds \Jz = {zi, z') cM.^ , {-i. 17) 

J —OG J —OO 

where we denote by Fi : ^ and Y' : ^ ^dx{N-i) ^^.g^ column and the rest of the matrix 
y : ^ R''^^. Then for such x we wiU have 



d 
dzi 



(rAz) + zi^-{x)^ = Q{z), ^ (d,{z) + zi{m'y{x) - ^^^"^i W ® ^'^ = Ki^), 
div^,(^x{z) + zi{m'Y{x) - j^^—^rn^{x)® z'^ {P:,}i(z), V ^-ix{z) ^ Hx{z) Vz=(zi,z') 



eR^. 



(4.18) 



If vi{x) < we interchange the role of (iy9 ,to ) by ((y9+,m+) in (|4.17l) . Thus in general for ^- 
X e f2 n (Jvi) U Jfn U J(^) we have 



d 
dzi 



{Rx{z) + ziV'^Ca:)) - Q(z), ^ + zi{m'}^{x) - ^^^mf (x) z') = P^(z), 

dit)^' ^^^(z) + zi{m'}^(.T) - -^^^i-yTOf (a;) = {F,}i(z), V z^ixiz) = H,x{z) \/z=(zi,z') 



GR^. 



(4.19) 



Here we take the sign " if vi{x) > and the sign "+" if i^i(x) < 0. 

Next for every x G r2n( JvuU JmU Jip) fix an arbitrary system {A;i(a;), k2{x), . . . kN{x)} of linearly independent 
vectors in R^ satisfying ki{x) = i^{x) and kj{x) ■ ^{x) = for j > 2. Then define 



Wl''ix) <j u e C°°(R'\R'') : Vu(y) = if \y i^{x)\ > 1/2, 

and Vu{y + kj{x)) =Vu{y) Vj = 2,3, . . . , N \ , (4.20) 



Wp'(x):=^eGC°°(E^,E'^><~): dz^;,C(y) ^ 0, ^{y) = if |y • z.(a;)| > 1/2, 

and e(y + fc, (x)) =^(y) Vj = 2, 3, . . . , iV L (4.21) 



Wp^(a;) <! C e C°°(R^,R") : Civ) = if |y • i^{x)\ > 1/2, 

and C(2; + fc,(2;)) =C(y) Vj-2,3,...,ivl. (4.22) 
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Then since i^ilx) ^ for H.^ ^-a.e. a; G O n (Jvu U Jfa U for such fixed x and for every ^ G W^^''(a;) and 
every C e Wp^(a;) we can define : R" and T^(y) : ^ M'ix(^'-i) by 

C(s,y')ds, and T^(y) := / Vy = (yi, y') e R^ , (4.23) 

-oo ^ — oo 

Then, since divyC, = 0, we obtain 

^(2/) = C(y), ^{x)=S:{y). and -divTc(y)=ei(y) Vy=(yi,y')GR^- (4-24) 
oy\ dyi 



Moreover clearly by the definition for all x such that i^i{x) ^ i.e. for H -a.e. x ^ fl H Jvi> U Jm U 



we have e C°°(R^,M™) n L°°(R^,R"') niip(R^,M™), e C°°(R^,R'^^(^-i)) n L°°(R^,R'^^(^-i)) n 
Lzp(R^,M'^x(^-i)) andSc(j/ + fc,(x)) =Sc(y) = 2, 3, . . . , TV, (y + fc,(a;)) = Te(y) Vj = 2, 3, . . . , iV. On 
the other hand, for every u{y) e w[^\x) we clearly have u e C°°(R^,R'=) n L°°{R^,R'') n Lip(M^,R'=) and 



u 



{y + kjix)) =u{y) Vj = 2,3,...,iV. So 

e C°°(R^,R™) nL°° niip and (y + fcj (a;)) = = 2, 3, . . . , iV , 

e C°°(R^,R'^^(^-i))nL°°niip and T^{y + kj{x)) ^ T^{y) Vj = 2,...,iV, 

M e C°°(R^,M'^') ni°° nLip and + fcj(a;)) = Vj = 2,3,. . .,iV. (4.25) 

Then using (I4.19p . (I4.24p . (14. 25^ and Theorem 13.21 we deduce that for every 5 > there exist sequences 
{ve}Q<e<i C C°°{R^,R''), {Mjo<e<i C (R^, R'^^^ (^"i) ) and {*e}o<5<i C C°°(R^,R™) such that if we 
denote 

- dM 

-^{x) = i}e{x) , -^(x) = m',{x) , and - div^' PIe{x) = ime)iix) Va; = (xi, x') e R^ . (4.26) 
then we will have 

< lim y" ^F^^eV^Veix), eVme{x), e\7-4)e{x), Vwe(a;), m^ix), ^e{x), Ve{x), f{x)^ dx 
n 

J nnf|^,(a(.), (?(•), 7(-),i) : L>0, 

nn(Jvi,uJmUJ^) ^ 

cr e W^^^(a;,fci,...,fcjv), £ W^^^ (x, fei, . . . , fejv), 7 G W^^^ (x, fci, . . . , feAr) 1 ) dn^-\x) <S, (4.27) 



and lini£^o+ We = f in VF"'^'''(R^, R'^), linig_^o+ (^^e ~ = in L^, linig_j.o+ = to in L^, lim£^o+ V'e = <y2 in 
L'', lini£_^o+ eV^We = in L^, limj^o+ eVto^ = in L^, lini£^o+ ^VV's = in for every p > I. Moreover, 
Vwe, eV^fe, «£, TOe, eVTOg, i/jg and eV'0e will be bounded in L°° sequences, for some compact ^ CC we will 
have Vg{x) ~ vjP\x), m^(x) — irSe\x) and '4'eix) — ip'f^x) for every x £ R'^ \ K and we will have 



lim sup 



^Je{x)dx— j ip{x) dx 
n Jn 



<+oo. (4.28) 



Finally we will slightly modify the sequence ip^^ so that all the properties, presented above, will preserve 
and moreover the modified sequence ipe will satisfy the additional constraint ip^ = J^-^ ip. For this purpose we 
define 

4:= / (p{x)dx- / i:,{x)dx. (4.29) 
Jn Jn 

Then by (|4.28p there exists a constant Co > 0, independent on e such that 

\de\<C'oe Vee(0,l). (4.30) 
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Now fix some smooth function A(x) e C^(f2,R), such that J^X{x)dx — 1, and a compact set K CC fl such 
that suppA (ZK andK CK. Then define G C°°(M^,M™) by 

^peix) := ^peix) + Xix)de VxeM^Vee (0,1). (4.31) 

Thus clearly by (14.29^ we have 

/ ipe{x)dx= / ip{x)dx. (4.32) 
Jn Jn 

Moreover, clearly by the definition, lim£_^Q+ ip^ — ip in U' and lim^_^Q+ eVTAe = in for every p > 1, ipe and 
eVipe are bounded in L°° sequences and ^e{x) = ^pi^^x) for every x G \ iiT. Thus for the final conclusion it 
is sufficient to prove 

lim < / -f( eV^v^, eVm^, eV-ip^ + ec?e ® VA, Vv^, m^, ip^ + Ac?e, u^, / ) dx— 



y" ^Fj^eV^We, £Vme, eVipe, Vw^, m^, Ve, "e, / j rfs i = . (4.33) 



n 

Indeed 

-F^eV^We, eVm^, eVi/ie + edg g) VA, Vu^, me, + Ad^, w^, dec— 

iF^eV^We, eVme, eVi/ie, Vw^, m^, V^e, w^, dx = 

n 

y (^de ® VA^ : DiF^eV^We, eVtoe, eVi/^e + ted^ ® VA, Vw^, rUe, + tXde, Ve, f^dxdt 

+ J J ^ ■V2F(^eV^Ve, eVm^, eWtpe +tedE®WX, Vv^, m^, -ipE + tXde, Ve, f^Xdxdt. (4.34) 

Here DiF is the gradient of F on the argument in the place of Vipe and V2F is the gradient of F on the 
argument in the place of ipe- On the other hand F{0, 0, 0, Vw, m, (p, v, f) = a.e. and therefore, since F > we 
also have DF{0, 0, 0, Vw, m, ip, v, f) = 0. Thus, while being uniformly bounded, 

DF^^eV^Ue, eVme, eVVj^ + ted^ ® VA, Vu^, to^, ^/ie + iAd^, w^, ^ a.e. in D, . 

Therefore, since A has a compact support and since by (j4.30p d^/e is bounded, we deduce that the r.h.s. of 
(|4.34p goes to zero as e 0+. So we proved (|4.33p . □ 

By the same method, using Theorem 13.31 '^^ can prove the following more general Theorem. 

Theorem 4.2. Let f7 C &e an open set. Furthermore, let F be a function defined on 

|]gfcxW+i ^jgmxiV"! ^ ^ _ ^ |jjjfexWxW ^jjjdxWxW ^jgmxW| ^ jj^fcxJV xR-^x^ xM"} X M*^ X M", 



taking values in R and satisfying F > 0. Let f e BVioc(^^ H L°° , v G Fip(M^,R'=) H F^ n L°°, m G 
By(R^,R''>^^) n i°° and ^ G BT/(R^,R'") n L°° 6e suc/i f/iaf Vw G By(R^, R'^^^), ||F>(Vw)||(917) = 0, 
\\Dm\\{dn) = 0, ||F»^||(9ri) = 0, div^m{x) = a.e. m R^ and 



F^O, 0, . . . , 0, Vw, m, (^, w, a.e. in^. 



Then, forrje Vq, for every 5>0 there exist sequences {wJo<£<i C C°°(R^,R'=), {me}o<e<i C C°°(R^, R'*''^) 



and {'0e}o<e<i C C°° (R"'^ , R'" ) such that diVxTn^ix) = in M.^ , J^ipe(x) dx — J^(p{x) dx, limg_^o+ v^ — v in 
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W^'P, Ivm^^Q+ive — v)/e = in L^, lim£_j.o+ me = m in L^, limg^o+ ips — f in L^, liine_j.o+ e^V^~^^Ve = in 
LP, limE_>o+ s^V^nis = in L^, lim£_>.o+ e^W^tjJs = in for every p>l and any j G {1, . . . , n} and 



< lim / - X 

n 



n 

inf|4")(a(-),^(-),7(-),i) ■■ L>Q, 



nn(Jv.,uJmUJ^) 



a e fei, . . . , feiv), e € W^^\x, fei, . . . , Un), 7 e W^'Ha^, ^i, • • • , fciv)| j dH''-\x) < 5 , (4.35) 

w/iere 

4"n'^(-),^(-),7(-),i) := 

J N L"V"+V(2/), L"V"%), L"V"7(y)}, • • • , { Va(y), ^(y), 7(y)}, ^(x), j dy+ 



y If N L"V"+V(y), L"V"^(j/), L"V"7(y)}, • • • , { V<7(y), ^(y), 7{y)},vix), /"(a;) j dy , (4.36) 



^fci,...,feN 



W«(a;,fei(a;),fe2(a;),...fe;v(a;)) := |u e C"+^(M^,M'=) : Vu(y) = (Vt;)-(ar) yu{x)<-l/2, 

Vw(y) = (Vu)+(x) i/ y • iy(x) > 1/2 and Vu(y + fcj(a;)) = Vw(y) Vj = 2, 3, . . . , | , (4.37) 

Wi^\x,ki{x),k2{x),...kN{x)) := 

|eeC"(M^,M''x^) : rfi„^^(y) = o, ^(y)=^-(a;) if y ■ i,{x) < -1/2, 

^{y)=m+{x) ifyv{x)>l/2 and ^(y + fe,(a;)) = ^(y) Vj = 2, 3, . . . , ivl , (4.38) 



(4.40) 



W!^\xM{x),k2{x),...kN{x)) := |ceC"(M^,M'") : C(y) = V"(2:) «/ yu{x)< -1/2, 

C(y) = ^+(x) */ y . i/(x) > 1/2 and C(y + fe,(a;)) = C(y) Vj = 2, 3, . . . , iV ^ , (4.39) 

:={yeM^: -l/2<yfei<0, |yfe,|<l/2 Vj = 2, 3, . . . , At} , 

:={yeM^: 0<yfei<l/2, |yfe,|<l/2 Vj = 2, 3, . . . , 7v} , 

{fei(a;), k2{x), . . . fejv(a;)} is an orthonormal base in satisfying k\{x) = v{x) and we assume that the orien- 
tations ofJ^v, J-fh, Jip andJf coincides a.e. and given by the vector u{x). Moreover, Vv^, e^y^^^v^, v^, 

rris, e-'V^me, ip^ and e^W^ipe are bounded in L°° sequences for every j G {1, . . . ,n}, and there exists a compact 
K = Kg CC such that Vgix) = vf^(x), me{x) = mi^\x) and ipeix) = 'tpe^\x) for every < e < 1 and every 
xeR^\K, where 

vf\x) = ^( r,(y^)v{y)dy, mf){x) = ^( ,,(^)m(y)dy, 

4°\^) = ^f v(^—^)viy)dy. 
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Appendix: Notations and basic results about By-functions 

For given a real topological linear space X we denote by X* the dual space (the space of continuous linear 

functionals from X to M). 

For given h € X and x* £ X* we denote by (/i, ^*)xxX' value in M. of the functional x* on the vector 
h. 

For given two normed linear spaces X and Y we denote by JC{X; Y) the linear space of continuous 
(bounded) linear operators from X to Y. 

For given A e iC{X; Y) and h G X we denote by A - h the value in Y of the operator A on the vector h. 

For given two reflexive Banach spaces X,Y and S e jC{X;Y) we denote by S* € C{Y*;X*) the corre- 
sponding adjoint operator, which satisfies 

(a;, S* ■ y*)xxx' ~ ■ ^' y*)YxY' ^"^^^y y* e F* and a; e X . 

Given open set G C wo denote by 2?(G,K'') the real topological linear space of compactly supported 
R''- valued test functions i.e. C^{G,R'^) with the usual topology. 

We denote D'(G,R<^) := {V{G,R'^)}* (the space of M'' valued distributions in G). 

Given h G V'{G,R'^) and S G D(G,M'^) we denote < 6,h>:= M<i)xD'(G m-*) ^^^^^ ^ °^ 

the distribution /i on the test function 6. 

Given a linear operator A G £(IR'^; R*^) and a distribution h G 'D'{G, M**) we denote by the distribution 
in D'(G,M'=) defined by 

<(5,A-/i>:=< A*-^,/i> V(5 G 2?(G,R'=). 

Given /i G r>'(G,M<^) and S e 2?(G,R) by < > we denote the vector in M<^ which satisfy < S,h > 
■e :=< 5e, h > for every e G R''. 

1 /2 

For apx q matrix A with ij-th entry a^- we denote by \A\ = (S^^^S'^-^a?) the Frobenius norm of A. 

For two matrices A, B gMP^'^ with ij'-th entries and 6ij respectively, we write 

p q 

A: B := E aijhj- 

i=ij=i 

For a p X q matrix A with ij-th entry and for a q x d matrix B with y'-th entry we denote by 

Ai? := A ■ B their product, i.e. the p x d matrix, with ij-th entry ^ cLik^kj- 

fe=i 

We identify a u = (ui, . . . , Ug) G with the g x 1 matrix having il-th entry Ui, so that for a p x 5 matrix 
A with ij-th. entry ajj and for v = (wi, t;2, . . . , t;^) G we denote hy Av := A-v the p-dimensional vector 

ti = (ui, . . . , Wp) G W, given by = ^ Oife^^fe for every 1 <i <p. 

fe=i 

As usual Al^ denotes the transpose of the matrix A. 

p 

For u = {ui, . . . , Up) G MP and v = {vi, . . . , Vp) G we denote hy uv := u ■ v := J2 '^k'Vk the standard 

k=l 

scalar product. We also note that uv = u^v = v^u as products of matrices. 

For u = (ui, . . . , Up) e W and v = {vi, . . . ,Vq) £ R'' we denote by u (g) v the pxq matrix with ij-th entry 
UiVj (i.e. u^v = uv^ as product of matrices). 

For any pxq matrix A with ij-th entry Ojj and v = {vi,V2, ■ ■ ■ , va) G K** we denote hy A^v the pxqxd 
tensor with ijfc-th entry aijVk- 
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• Given a vector valued function f{x) — (/i(a;), . . . , fk{x)) : — ?> K.'^ (il C R^) we denote by Df or by 
Va;/ the k X N matrix with ij-th entry 

• Given a matrix vahied function F{x) {Fij{x)} : ^ R'=^^ (f2 C R^) we denote by div F the 
R'^-valued vector field defined by div F :— (/i, . . . , Ik) where li = ^ "aF^- 

• Given a matrix valued function = {/„ (a;)}(l < « < p, 1 < j < g) : 11 ^> R^'"' (fl C R^) we denote 
by DF or by V xF the p x q x N tensor with zjfc-th entry 

• For every dimension d we denote by / the unit d x d-matrix and by O the null d x d-matrix. 

• Given a vector valued measure fi = (/ii, . . . (where for any 1 < j < k, fij is a finite signed measure) 
we denote by its total variation measure of the set E. 

• For any /x-measurable function /, we define the product measure / • fj, by: / • /i(-B) = /g f dfi, for every 
/^-measurable set E. 

• Throughout this paper we assume that fl C R^ is an open set. 

In what follows we present some known results on BV-spaces. We rely mainly on the book [4 by Ambrosio, 
Fusco and Pallara. Other sources are the books by Hudjaev and Volpert [35], Giusti [IS] and Evans and 
Gariepy [IS]. We begin by introducing some notation. For every i/ G S'^-^ (the unit sphere in R^) and i? > 
we set 

(A.l) 
(A.2) 
(A.3) 
(A.4) 

and 

= {y e R^ : yu = 0}. (A.5) 

Next we recall the definition of the space of functions with bounded variation. In what follows, denotes the 
Lebesgue measure in M.^ . 

Definition A.l. Let f2 be a domain in and let / G L^{n,R"'). We say that / e BV{n,W^) if 

/ \Df\:^sup\ / V/fcdiv (^fed/:^ : .^^ G Ci(17, R^) Vfc, V |(^fe(x)|2 < 1 Vx G 17 I 
Jn ^-J^k^i fe=i i 

is finite. In this case we define the BV-norm of / by ||/||li + Jq \Df\- 

We recall below some basic notions in Geometric Measure Theory (see [4j). 

Definition A.2. Let 11 be a domain in R^. Consider a function / G Ll^^{il,W") and a point a; G O. 
i) We say that x is a point of approximate continuity of / if there exists z G R™ such that 



B+{x 


^) 


= {yei 




: \y- 


-x\<R,{y-x)-u>0}, 


B^{x 


^) 






\y- 


x\<R,{y-x)-u<0}, 


H+{x 


^) 


= {y e I 




(y- 


x)-v>0}, 


H^{x 


^) 


= {yei 




(y- 


x)-v < 0} 



\f^y) - ^1 dy 

hm — - — —7 — T = . 

P^o+ C^{Bp{x)) 

In this case z is called an approximate limit of / at a; and we denote z by f{x). The set of points of approximate 
continuity of / is denoted by G^. 

ii) We say that x is an approximate jump point of / if there exist a, 6 G M™ and v G S^~^ such that a^h and 
P^o+ C^{Bp(x)) p^o+ /:^(Sp(:r)) ^ ' 
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The triple (a, &, f), uniquely determined by (jA.6l) up to a permutation of (a, 6) and a change of sign of u, is 
denoted by {f^ {x), f~ {x),i> f{x)). We shall call Vf{x) the approximate jump vector and we shall sometimes 
write simply if the reference to the function / is clear. The set of approximate jump points is denoted by 
Jf. A choice of f (a;) for every x ^ Jf (which is unique up to sign) determines an orientation of J/. At a point 
of approximate continuity x, we shall use the convention f^{x) = f~{x) = f{x). 

We recall the following results on BV- functions that we shall use in the sequel. They are all taken from [4]. 
In all of them 17 is a domain in and / belongs to BV{n,W^). 

Theorem A.l (Theorems 3.69 and 3.78 from 4 ). 

i) H^^^ -almost every point m \ Jy is a point of approximate continuity of f . 

a) The set Jf is a countably -rectifiahle Borel set, oriented by f(x). In other words, Jf is a-finite with 

respect to H^^^, there exist countably many hypersurfaces {S'fc}^]^ such that Ti^^^i Jf\ IJ Sk) — 0, and 

^ k=l ' 

for "H^^^-almost every x G J/ H Sk, the approximate jump vector i'{x) is normal to Sk at the point x. 
^n) [{f+ - f-)®Uf]{x)^L\jf,dU''-^). 

Theorem A. 2 (Theorems 3.92 and 3.78 from |4j). The distributional gradient Df can be decomposed as a sum 
of three Borel regular finite matrix-valued measures on Vt, 

Df = D^f + D'^f + D^f 

with 

D''f = iVf)C'' and f = {f+ ~ f-) ® u fU^^-^J f . 

D"^ , D'^ and are called absolutely continuous part. Cantor and jump part of Df , respectively, and V/ £ 
i^(fi,R™^^) is the approximate differential of f . The three parts are mutually singular to each other. Moreover 
we have the following properties: 

i) The support of D'^f is concentrated on a set of -measure zero, but {D^f){B) — for any Borel set B C fl 
which is a-finite with respect to Ti^^^; 

a) [D''f]{f-^{H)) = and [D" f]{f-^{H)) = for every H dW^ satisfying n^{H) ^ 0. 

Theorem A.3 (Volpert chain rule, Theorems 3.96 and 3.99 from [4 ). Let $ G C^(M™,M«) be a Lipschitz 
function satisfying $(0) = if = oo. Then, v{x) = ($ o f){x) belongs to BV{fl,M.'^) and we have 

D-v = S/<^{f)\7fC'', D-v^V<^{f)D-f, D^v = [^f+) - <i>{f-)] (g> UfH^'-^Jf . 

We also recall that the trace operator T is a continuous map from BV{fl), endowed with the strong topology 
(or more generally, the topology induced by strict convergence), to L^{dil,T-L^~^i-dn), provided that ft has a 
bounded Lipschitz boundary (see 01 Theorems 3.87 and 3.88]). 
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